THE DIFFERENTIAL EQUATION OF 
THE ELLIPTIC CYLINDER* 
BY 
J. H. McDONALD 
1. The differential equation of the elliptic cylinder, often called Mathieu’s 
equation, may be written in either of the forms 
d*y 


+ (a+ k*? cos? z)y = 0 


or 
d*y 
dz? 


It is not capable of reference to the hypergeometric type and so requires 
methods peculiar to itself. The principal difficulty in the solution of the 
equation consists in the determination of a number, the characteristic 
exponent, which appears in the solution. It is known from general consider- 
ations of the theory of linear differential equations that for the trigonometric 
form of the equation, y may be expressed as 


the parameters a and k? being supposed arbitrary. The functions ¢(e***), 
y(e?**) are series of positive and negative integral powers of e***, and the 
quantity uw which is a function of a and k? is the exponent in question, and 
its determination necessitates extended developments. If u has been found 
the coefficients of the series for ¢(e?**), y(e?**) must be investigated. They 
satisfy a particular difference equation which is not of a simple type. 

Of special importance are those cases of the equation for which there 
exists a periodic solution with period 7 or 27. These solutions which are some- 
times called Mathieu’s functions do not exist in the general case, but require 
that a should have special values when k? is given. The determination of 
these values is an important problem. It is to be noticed that in these cases 
the general solution referred to above is no longer valid.f Periodic solutions 
present themselves in problems of mathematical physics, for example in 


+ (a+ cosh? z)y = 0. 


* Presented to the Society, San Francisco Section, April 4, 1925; received by the editors in 
August, 1926. 

+ H. Weber, Die Partiellen Differential-Gleichungen der Mathematischen Physik, vol. 2, p. 265. 

Bruns, Astronomische Nachrichten, No. 2533, p. 193, No. 2553, p. 129. 
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determining the vibrations of an elliptic membrane, while the solutions which 
are not periodic find an application in the theory of orbits. 

The solution of the problems indicated in this summary has previously 
been attempted without complete success. For the bibliography reference 
may be had to Whittaker and Watson, Modern Analysis, 3d edition, chapter 
xix. The most valuable references are to papers by Dougall (The solution of 
Mathieu’s differential equation, Proceedings of the Edinburgh Mathematical 
Society, vol. 34, part 1, p. 176, 1915-16) and Whittaker (On the functions 
associated with the elliptic cylinder in harmonic analysis, Proceedings of the 
Fifth International Congress of Mathematicians, 1912, Cambridge). Dougall 
obtains, among other results, an equation for the characteristic exponent 
but not in an explicit form. Whittaker proves that the periodic solutions 
satisfy an integral equation which he uses to derive the expressions for 
some of the earlier cases. 

In the present paper the problems stated above are treated more fully 
than has previously been done. First the general case is considered. The 
difference equation for the coefficients of the solution of the differential 
equation is replaced by an infinite system of equations, and their solution 
given in two different forms. The characteristic exponent » is shown to 
satisfy an equation found in two corresponding forms. 

Second, the characteristic exponent is studied in detail. The differential 
equation is replaced by a Riccati equation, a particular solution of which 
is found, and from this solution an explicit expression for u is determined. 
This expression which is valid only within a limited range of values of 
k? leads to a form of the equation for » valid for all values of k?. It is found 
that yw is an analytic function of k? when a is given, and the character of the 
singular points of uw is determined. The convergence of the solution con- 
structed in the first part of the paper is then proved. 

In the third place periodic solutions are considered. On the supposition 
that they exist they are determined in two different forms. Proof is then 
given of the existence of periodic solutions and a determination of all of 
them is made. An equation for the parameter a is given to each of whose 
roots a periodic solution belongs. This equation has no multiple roots if 
k? is real. Two expressions for periodic solutions are given in forms valid 
for all values of k?. The parameters a and the solutions are analytic functions 
of k?. 

Finally some miscellaneous results are collected. The differential equation 
is shown not to have two periodic solutions for the same values of a and k?, 
and if k? is real it is shown that each a is a decreasing function of k*. Some 
indications as to the determination of the singular points of a are added. 
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THE GENERAL CASE 
2. The equation of the elliptic cylinder may be written in the form 
d?y/dz? + (}k*c* cosh 22 — s*)y = 0. 


Then a solution* 


+o 
y= > 


exists where w and the coefficients c, are independent of z. Substitution of 
the solution in the equation gives 


{(2m + w)? — + + = 0. 


If c, is replaced by (—1)"C,, 


(m + — 4s? 


Put 4w=y, $s=r, }kc=X, and this equation becomes 


¢g2 


2 
(n+p? 72 


then if m varies from — 2 to + there results the system of equations 


= Xn; 


+ Co+ = 0, 
Ci + = 0, 
+ Co =0, 
+ C3 +2, =0, 


Any solution of this system of equations which makes Dr Scneltntw)s 
convergent furnishes a solution of the differential equation. 

3. If it is supposed that (+ )?—r?+0 for every value of m, then the 
infinite determinant 


* Floquet, Annales de l’Ecole Normale Supérieure, 1883. 


/ 

1 

Let 
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1 x O 0 0 
1 O 0 


= (x 


is convergent for all values of i. This is true since a sufficient condition of 
convergence of the infinite determinant 
1+en C12 C13 
1+ Coo 
is that the series 
C1 + Cra + Cor + Cis + Coe 


be absolutely convergent.* This condition for the determinant (x;) is that 
2 2 ee 

be absolutely convergent. Since the terms of this series are comparable in 
absolute value with those of the series 

+ + + 

the condition is satisfied. By expanding in terms of the elements of the first 
row it may be verified that the determinants (x;) satisfy the recurrence 
relation 


(xi) = — 
To examine the character of the expansion of (x;), consider the particular 
case (x;) and let 
1 


1 x20. 


0 0 00. 
be the determinant of the first m rows and columns of (x:). Then if D, is 
expanded in terms of the last row, 
Dy = Da-1 — 


* Kowalewski, Einfiihrung in die Determinantentheorie, p. 372. 
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From this recurrence formula it is seen that the terms of the expansion of 
D, which contain x, consist of the product x,; x, multiplied by —D,-2, 
and those terms which do not contain x, are the terms of D,-1. Now consider 
the sum 
i>i+1 k>j+1,j>i+1 

Let the subscripts, subject to the inequalities, take the values from 1 to m 
in every possible way, and let the series be continued as long as it is possible 
to construct terms in which no subscript is greater than m. Then the terms 
of S, which contain x, consist of the product x,: x, multiplied by —S,~2, 
and those which do not contain x, are the terms of S,:. Moreover S;=D,, 
S:=D2, etc. Therefore S,=D,. 

The determinant (x;) which is infinite has therefore the formal expansion 

i>t+1 

where the numbers i, 7, - - - are any succession taken from 1, 2, - - - subject 
to the inequalities. Since this series is convergent it is an integral function 
of \ of the form 


Though not relevant to the subject it may be noticed that the number of 
terms of a given order in D, is figurate. If f,,, denotes the mth figurate number 
of the rth order, the number of terms of order 29 in Don is fon41—2p,p41 and in 
Don+1 iS fon42-2p.p41, 0<pSm. These are included in the statement that in 
D, the number of terms of order 29 is fn41~-2p,p41, 0<2p Sm. 

4. A solution of the system of equations for C; (§ 2) such that C,-0 as 
n—c can now be obtained. Consider the first m equations for which 720: 

Ci + mC, = 0, 
i+ = 0, 


+ Ca + = 0. 


If it be assumed that C;~0, i120, Cy may be put equal to unity. Then the 
value of C, is given by 
0 1 %2 $2 1 Xe 0 


— 0 O Xn, 1 
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xe 1 x O 


000 + 1 
The product x; - - - x,—0, n>, and the determinant 
1 x1 0 0 0 
1 0 
— (x). 
00+ + + a, 1 
Hence if C,4: is bounded 
— x;(x2) 
(x1) 
Similarly if C;=1, 
C; = » etc. 
(x2) 
It follows that 


is a system of values of the ratios of C; satisfying the given system of 
equations. Since (*,4:) 1 as and - - - x,0 as it follows 
that C,-0 asm—. That the above ratios furnish a solution of the equations 
may be verified by direct substitution, and by making use of the recurrence 
relation 


(xs) = — 
It is then evident that the restriction C;#0 may be removed. 


The system of ratios for C; may be extended to negative values of 
by letting C_, correspond to 


1 
m1 
+ 
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(= 


%—n+1 °° * X-1%X0 


This may be verified as before by substitution in the equations. The coeffi- 
cients C;, are meromorphic functions of X. 

In order to obtain a solution of the differential equation, C_, must ap- 
proach zero. This condition is not fulfilled independently, but depends upon 
the value of uw, the characteristic exponent. It is evident from the value 
of C_, that (x_,) must approach zero, n—20. The product 
which occurs in the denominator tends to zero. Hence the numerator must 
tend to zero more rapidly to satisfy the requirement. Then » must be a root 
of the equation 


xo 1 x: 
1 


Xo 1 x 


where the determinant is infinite in both directions. 
5. The system of equations for C, may be transformed with advantage. 
Put C,=f(m), and the equation to be transformed is 
(n+ 4)? — 
+1) + = 
If n+yu=z, 


r2 
4), 


2 


o(s + 1) + — 1) = 4s), 


where f(z—y) = ¢(z). If 
+ r)I(z — r) 


¢(z) = = T(z + 1), 


there results the equation 
22-2 
+ 
(iz + r — 1)M(z — r — 1) 
22 — r2 


(z+ — r) 


Ve-1 


- 
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or 

+1) 

Changing z into z+1 this equation becomes 
Us+2. 
(g+r+1)(¢+7+ —7 + 1)(2 — + 2) 

If a proper solution of this difference equation is chosen, then 


The difference equation may be written 


+ Vz-1 = 


= 


Ca = f(n) = o(n +») = 


v4 
+1) 


OF if tn = = 
Un 
Let n=0, 1, 2, - - - , and put yn4: for the coefficient of u,42; then there results 


the system of equations 
— Uo t = 0, 
yous = 0, 
— Ut = 0, 
The determinant 

1 O O 

- 1 0 
0 


is convergent. This may be proved as follows. Let E, denote the determinant 
of order » formed with the first » rows and columns of this infinite deter- 
minant. Then 


where the summations are extended to all products in which no consecutive 
y’s occur, and the series is continued as far as such products can be formed. 
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This expansion may be proved by induction. By expanding £,42 in terms 
of the last row, it follows that Enxs2=En4it+yniiEn. Moreover £,=1, 
If the terms of are 
divided into the classes of those which contain y,-; and those which do not, 
the rule of formation of the terms of £, is verified. To prove that E, ap- 
proaches a limit as n>, consider the series 


E=1+ 


where i, j,--- =1,--++,,7j, etc., and no consecutive y’s occur in any 
product. This series is absolutely convergent, for if the absolute values 
|y;| are taken and the restriction as to non-consecutive y’s removed, the 
series becomes the expansion of 


which is a convergent product. This is evident since 


1 


is a convergent series. Hence since |E—E,|0, n>, E,—E which was to 
be proved. 

6. It is found that a solution of the system of equations for u, exists such 
that asn—o. If 


1 0 
-1 1 ye O 


this solution will be shown to be u,=[yns:]. Since the determinant 
[yn+1] -- where i>m, and since the element y,—-0 as p>, 
then [yn4:]—-1 as n>. By expanding [y,,;] in terms of the first column, 


[yn+1] + [yn+2] + Ya+1 [yn+3] = 0. 


But this equality is the result of substituting = [y,4:] in the equations 
for tm. Hence un = [yn41] is a solution of the equations, and u,—1, 
The ratios of the coefficients C, are then given for all values of m by the ex- 
pression 


( 
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where p is independent of . These expressions for C, are not equal to those 
given above (§ 4) if p=1. 

It is then evident that » must be chosen so that [y,]—0 as n——o, or 
» must be a solution of the equation 


-1 1 0 
0-1 1 yo O 
0-1 


It is necessary to prove the convergence of the series assumed as the 
solution of the differential equation. For convergence u must satisfy the 
equation already obtained in two forms. It remains to show that this con- 
dition is sufficient for convergence. The proof of this fact is postponed until 


§ 11. 
If (n+y)?—r?=0 the form given for the ratio of the coefficients becomes 


indeterminate but this indetermination may be removed. For if p+y+r=0, 
p>O, the functions 
(= 
* * X-1X0 
may be multiplied throughout by ~+u+r which gives a set of finite values 
when p+utr=0. If p+u+r=0, p <0, the numerator and denominator of 
(— 1)"(x-n+1) 
may be multiplied by +u+r which gives finite values when p+y+r=0. 


The equations for » will be replaced in the next part of this paper by an 
equation the terms of which are determinate if p+p+r=0. 


THE CHARACTERISTIC EXPONENT 


7. The exponent yu is the root of a transcendental equation which has 
been given in what precedes in two different forms. The determination of 
can however be effected in a different manner, which allows the construction 
of an explicit expression of at least a branch of uw. It will be proved that u 
is an analytic function with multiple determination of the principal parameter 
k? of the differential equation. It is found simpler to take the differential 
equation in the form 
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—=(Acos*z+ h?)y, X=—k?, W=—a. 

dz* 
Regarding / as a constant and } as a variable, a branch of y» will be found as 
a convergent series of powers of \, provided # is not equal to certain excep- 
tional values which will be determined. When h has these exceptional values 
the proper expression for yu will likewise be found. 

Whatever h, the solution of the differential equation will first be proved 
to be an integral function of z and A, expressed as an absolutely convergent 
series of powers in each. This follows from the determination of the coefi- 
cients of a series of powers in z satisfying the differential equation. For 
if y=ao+a:z+ - - - where a, and a, are arbitrary, the remaining coefficients 
a2, - - + are determined by comparison from 


2az + 6a32 + = (ACos*z + h?)(ao + aiz + + 


Hence 
2a2 = h?ao, 
6a3 = hay, 
12a, = + Ado, 


The series for y determined in this way is known to be an integral function 
of z for all values of X, h?, ao, a;. The coefficients a, are polynomials in 
whose coefficients depend upon do, a, h?, and upon the coefficients of the 
expansion of cos*z. If a comparison is made with the differential equation 


= [ncos + | 15, 


and if initial values |ao|, |a:| are taken, a series will be found for § whose 
coefficients are polynomials in \, which are determined in a manner similar 
to those above. These polynomials in \ have positive coefficients whose 
values are greater respectively than the absolute values of the corresponding 
coefficients in the determination of y. But the series for 7 is likewise an in- 
tegral function of z. Hence the series for y is one whose terms admit arbitrary 
redistribution whatever z, A, do, a:, h*, and so is an integral function of z 
and 

Let y:=f:(z), ¥2=f2(z) be two independent solutions of the differential 
equation. Then if 


yt =file+n), yt = fr(2+7), 
yi = + y2 = + 
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A solution* Y;=cyi+czy2 may be found such that 
Yi = where Vi = easfi(z + + + 2). 


The quantity v is a root of the equation 


v 


= — (dy, + d22)v + Gi1d22 — = O. 


But since the general solution of the differential equation is of the form 
ya = + 


the values of » must be e** and e~“*, so that their product is unity. Hence 
411422 — 4242, = 1. Therefore v is a root of the equation 


v? — (a1; + +1 = 0, or = + Gee + [(a11 + — 


The solution Y;=c:yi:+¢2y2 which satisfies the condition Yi =v¥; is then 
given by The solution also 
satisfies the similar condition Y/ =(1/v)Y2. If a1 =0, then 


= yo, Yo = — G22) + 


are solutions satisfying Yi =a22y,, Y7 =auyo. 
The coefficients @22 are functions of determined by the 
two equations 


filz +r) = + 


fi(z) =atazst+::-, 
fo(z) =bb+be+---, 
file+m) 
=Bot+ 


Ao = 43109 + Giabo, 


Bo = 2149 + 
Ay = 41101 + 
By = + 2261, 


* Goursat, Analyse Mathématique, 2d edition, vol. 2, p. 470. 
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Aob; — Axbo — Aoa; + Aido 


dob; — abo dob; — aybo 


Bobi — Byibo — Boa; + Bido 
— aibo ab; — aibo 
since the solutions f; and are independent. Hence aun, 
are integral functions of A. Since 2v = + [(au+a22)?—4] "2, 
the value of v may be written 

2v = P(A) + [(an + an)? 


where are the values of a1, @22 when A=0. If (a, +22)? —4<0 the rad- 
ical may be expanded in powers of A, and 2v=P(A)+P,(A). The series P(A) 
is convergent if 


a = 


CA+CA+--- 
(a: + — 4 
and a quantity o may be determined such that this condition is fulfilled if 


|A|<o. If X\=0 the solution of the differential equation is y=cye"*+c2e-™, 
and the values of v are e**, e~**. Hence 


ont = + = 2 cosh Ar. 


If (a}:+a22)2—4=0, then e**= +1, or kw =2nzi, or (2n+1)mi. These give 
exceptional values of h, which will for the present be excluded from the 
discussion. 

The solutions 


<1, 


= + (v — au) y2, 

Vo = + — aur) y2, O, 
must reduce if \=0 to multiples of e** and e~**. The solutions Y; and Y; 
do not both vanish identically if \=0, for since 41, y2 do not both vanish 
identically this would require that a. =0, vy—au=0, 1/y—ayn=0. But the 
last two are contradictory, since y~1/y unless # is an exceptional value. 
Hence 

= + dPi(z,d), 

= mee~™* + AP2(z,d), 
where m, and m, are independent of z and \, and m, and m; are not both equal 


to zero. If m,+0, divide by m and there results a solution of the differential 
equation 
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y = e+ Pils = e + 
my, 
Let Z=y'/y where y’ denotes differentiation. Then 
_ + _ e~**[he*™* + (z,d)] 
e** + dQ,(z,A) 1 + A) 


Let p be an arbitrary quantity; then r<o can now be determined such that 


| <1 when |s|<p, |A| <r. 


Hence if |z|<p, |A|<r, the fraction for Z may be expanded in powers of i, 
or Z=h+zA+z2A\2+ ---. To verify this statement it will be noted that 
since the series for aa, v, du, V1, Y2 are all absolutely convergent, if lA| <o 
and |z|<p, the expressions for Y;, Y2 are absolutely convergent series for 
the same values of and z. That is, if is 
a convergent series, so that an arbitrary arrangement of terms is ad- 
missible. Under the same conditions the series for 1+de~** Q,(z, A) is 
absolutely convergent because 


1 + = e~*[e** + 


and both factors of this product are absolutely convergent. Finally the 
series for [1+de~"Q,(z, A) is absolutely convergent if |A|<z7 where r 


is determined as follows. In Q, (z, ) let all of the coefficients be replaced by 
their absolute values and let the resulting series be denoted by Qi (z, A). 
Then determine so that re!*!pQ,(p, r)<1. Then evidently 


<1 if <r, <p. 
The series 
1 + + + - 


is convergent, and the terms in the expansion of \"e"!*!* Q,"(z, A) have positive 
coefficients. Hence finally the series 


1 — he~"*Q,(z,d) + (2,4) — 


is convergent and admits arbitrary rearrangement of terms. 

8. If Z=y’ /y, Z satisfies the Riccati equation Z’ +Z?=)cos*z+h?, and a 
solution Z of this equation has been found. If this solution is Z=h+Z,A 
+Z.d*+ ---, the coefficients Z,, Z2, etc. may now be determined by sub- 
stitution in the differential equation, and by comparison of coefficients of 
like powers of XA. There results the system of equations 
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Zi + = cos? z, 

Zi + 2hZ.+ Z? = 0, 

Zi + 2hZ;3 + 22,22 = 0, 

Zi + 2hZ, + Z? + 22,2; = 0, 
Zé + + 22:2, + 22:23 = 0, 


This is a system of equations which may be solved, the complementary 
function in each case being ce~**. But the solution Z is a periodic function 
of z with period 7. Then the coefficients Z; and Z; must be periodic, and 
since the particular solutions of the equations for Z are periodic, the comple- 
mentary functions must in every case be omitted. It is found that 

1 sin 22 + hcos 2z 

2°(1 + h?) 
and in general Z, equals a finite series of sines and cosines of even multiples 
up to 2nz, i.e. 


Zn = baa + sin 22 + cos 22 + Sin + Dn COS 22, 


where the coefficients b;; are rational functions of h. 
9. The general solution of the differential equation 


d*y 


(A cos? z + h*)y 


may be taken in the form 
y = + , 


where ¢ and y are series of positive and negative powers of e***. It is evident 
that vy =e, or The Riccati equation Z’+Z*=d cos*z+h? is satisfied 
by y’/y whatever and If c:=0, or c:=0, y’/y is a periodic function of 
z of period zw and in no other case. Hence the function Z of the preceding 
discussion must correspond to one of these cases, and since the sign of » has 
not been fixed, it may be supposed that it corresponds to c.=0. Hence 
Z=2yi+¢’/¢, where ¢’ denotes differentiation with respect to z. Therefore 


mit 


The series on the right has been determined and is a uniformly convergent 
series of functions of z if |A|<7, |z|<p. Since p is arbitrary it may be 
supposed that p>. Integration with respect to z from 0 to 7 gives 
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+ f “ds = 
o ¢ 0 


The value of 


f Z,d2 = 
0 


since the integrals of the trigonometric terms vanish. Hence 


1 ¢’ 
mui + — f D bard". 
rJo 
But 


f 1 * 
f og | = = 2ni, 
o @ 
since ¢ has the period r. Finally 
Quit dard’, 


a series for » convergent if |\|<7. The integer m is in the nature of the case 
not determined, since in the form of the general solution of the differential 
equation 2yi may be increased by 27. 
A similar series for » will be found if the differential equation is taken in 

the hyperbolic form 

d*y 

— = — + Xcosh’2z)y. 

dz? 


Substitute z=iz’ and the equation becomes 


4 = (h? + d cos? 2’) 
dz’? 


This equation shows that a series giving » for the hyperbolic form may be 
derived from the series which gives u for the trigonometric form by changing 
the sign of \ and replacing h* by —h*. For the trigonometric form of the 
equation p is given by the series 
1 3h? + 2 5h + 10h4 + 7h? + 2 
=h+—-r- 

175h'? + 1750h' + 6027h° + 88761 + 7048h* + 3264h? + 640 

2'4h7(1 h*)4(4 + h*)? 
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For the hyperbolic form of the equation yp is given by the series 


n) = —— r 


It is evident that within the range of convergence of these series the value 
of » is real for the hyperbolic case and a pure imaginary for the trigonometric. 
If h has one of the exceptional values 0, +i the equations for Z; take 

a different form. Suppose k=0; then Yi, Y2 are series of powers of \/? 
(§ 7) and 

Z= ar? + 
The differential equation Z’+Z*=) cos* z gives the system 

Zi =0, 

Zi +Z? = cos*z, 

Zi + 2Z:Z2 0, 

Zi +Z? + 22,23 = 0, 


These equations must have a periodic solution. The first equation gives 
Z,=c, and substituting in the second it is seen that 


( 24 a 
=(-—c?+—)z 
2 4 
hence c=1/2"/?, Similarly 
21/2 cos 2z 
8 
and c’=0. If this value of Z; is substituted in the next equation 
sin 4z sin 2z 


1 
Z=—-({— 21/2 ” 


Hence c’’= —1/(2"/? + 32), etc. Finally 


= 


91/2 4 8 32 


4 (= 42 sin ~) 
128 8 


sin 22 21/2 cos2z 1 3/2 
A+ ) 
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The value of » may be found as before and is given by 


When # has one of the other exceptional values it becomes necessary 
to have recourse to the equation given hereafter for u(§ 10), the coefficients 
of which become indeterminate for the exceptional values, but the indeter- 


mination can be removed in the usual way. 
10. It will now be proved that the exponent » may be determined by an 
equation involving a series convergent for all values of X. It has been shown 


(§ 7) that w#,= [yn4:] satisfies the equation 


Un — = 
If then 
+ — r) 
then ¢(z) satisfies the difference equation 


¢(z) = 


+ 1) 1) = 


If 

= o(2)6( — 2 — 1) — o( — + 1), 
then it may be shown that f(z) =f(z—1) =f(-2). This is evident since 
¢(z) satisfies the equation above. If the sign of z is changed, ¢(z) satisfies 
the equation 


— 7? 
st 


If (z?—r?)/d? is eliminated the eliminant is 
o(2)o( — — 1) — o( — 2)o(2 + 1) = — — z) — — + 


or f(z) =f(z—1). It is evident at once that f(z) =f(—z). If z is replaced in 
turn by yw and by +4 it follows that 
o(u)o( — — 1) — o( — + 1) = O(n + — — — 1) 
— 1). 
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If » is a solution of the equations (§§ 4, 6) 


1 x. 
0 0 0, 
x1 1 Za 


0-1 1 yo 0 


= 0, 
i nt 


the quantities ¢(n+y), ¢(—n—y)-0 as This is evident for d(n+y). 
It is also true for ¢(—”—), because from the form of the equations for u 
it is seen that if w is a root of the equations, —y is also a root. p is in fact a 
value such that ¢(—n—p)—0 when no. The function f(y) 
must then equal zero, or yu satisfies the equation 


o(u)o( — — 1) — — w)o(u + 1) = O. 


This equation in yu if transformed by the introduction of the function v, 
takes a simple form. For since 


¢(z) = 


(z) = lim 


n~—@ 


{ 2-1 

ine 


Now if n— — ©, v_,-, and and 


1 y-1 0 
0-1 Yo 
0 O-—-1 1 yp - 


the infinite determinant of § 6. Moreover, since 


Il(z)ll( —z— 1) = 
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sin r(z + r) sin r(z — r) 


—1— 7) 
If these results are substituted in the expression for f(z) it follows that 


sin r(z + r) sin r(z — r) 


f(z) = 


The determinant may be developed in a series of powers of i, the coefficients 
of which are of the form given by the construction of [y,]. The equation for 
w takes the form 
(1 + + + - - -) sinw(u + r)sinz(u — r)= 0. 

This may be written cos 2mu=cos 2rr—2b,A4+2bsA°— --- , where y= 
—a, sin r(u+r) sin r(u—r), and similarly for bs, - - - . 

The coefficients b,, - - - are independent of uw. The coefficients a,, may 
be written 


+x 


Pq=2 


The function of ~ under the summation sign is a rational function of yu 
having 4q poles for 2g of which u++r is an integer, and for the other 2g, 
u—r is an integer. If a residue at a pole for which »—-, is an integer is d, 
the residue at a pole for which »++ is an integer is —d, since a, is periodic 
with period unity. Hence 


= ( — 1)*x[cot r(u — r) — 


where C is independent of uw. If then as 0, cot r(u—r) 
—cot m(u+r)—0, so C=0. Hence 


/ 
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then 
and 
1 Oe - 
0 O-11n- 
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( — 1)*sin 


sin + r) sin r(u — 


or b,,=(—1)¢d sin 2rz, which is independent of 

The form of the coefficients b may be found more precisely as follows. 
Let - - =r+w, where the coefficients are those of the branch 
of » previously determined (§ 9); then 


cos 2r(r + w) = cos cos 2xw — sin 2zr sin 27w 


| 


= cos 2rr {1- 


If w is replaced by its value as a series in \ the coefficients } may be de- 
termined, and they are found to be of the form 


big = C,(r) cos 2xr + S,(r) sin 2xr 


where C,(r), S,(r) are rational functions of r. Hence finally 
cos = cos2ar+ (— 1)2{C,(r) cos + S,(r) sin 
g=1 


This equation is valid for all values of X. 

If r has one of the exceptional values, viz. if 2. =0, +m the form of the 
functions C,, S, must be modified. The modification is found by evaluating 
the coefficients C,(r), S,(7) which are indeterminate. If r=0 the correspond- 
ing branch of » which is found in § 8 may be substituted in the equation for 
» giving in another way the result for this case. 

11. The proof of the convergence of the series e*30*c,e* which was 
postponed in § 6 may now be given. Consider the terms of the series 
Xv cne?"*. The ratio of the (n+1)st term to the mth gives 


= 


( Xn +1) 


(see § 4). From the expansion of (x,) in a series 
i>i+1 
and from the value of x,, 
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it is evident that (x,)-»1, n>. Hence 


ntl 


(mt 
for every value of z. Therefore the part of the series where x is positive is 


convergent. 
The series 55 c_,e~2"* is likewise convergent, w being a root of the 


equation 
o(u)o( — — 1) — o( — w)o(u + 1) = O(n — — 2 +4 1) 
=0; 


because the ratio 


C_n-1 o( 1) 
— e72 
o(n — p) 
(n+ 


Hence the series eur cne?"* is convergent for all values of z and therefore 
satisfies the differential equation. 
12. The form of the equation 


o(n — w+ 1) 
= e 


cos = cos2mr+ >> ( — 1)"{C,(r) cos + Sq (r) sin 
n=1 


permits the determination of the character of the singular points of yp 
regarded as a function of X. The singular points will evidently be those 
values of \ which make the right hand side equal to +1. Let Ao be such a 
value. Then the equation becomes 


cos = +1—ai(A— Ao) 


or taking the plus sign 
2 sin? ru = — Ao) +- 


Therefore sin mu =(a;/2)"? (A—Xo)/? (A—Ao) J. By inversion 
of series 


Hence the point Xo has the character of a critical point. If cos 2mu=—1— 
a;(A—Xo)+ - - asimilar result follows. 
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THE PERIODIC SOLUTIONS 


13. That the differential equation of the elliptic cylinder has solutions 
in certain cases which are not of the form which has been supposed as the 
general one is usually assumed. A proof of the existence of these solutions 
is given in § 17. These solutions occur when the parameters \ and r have 
particular relations to each other, and there exists a solution which is 
periodic with period i or 27i. Taking the equation in the trigonometric 
form it will be written in what follows as 


d*y 

— + (a+ k*®cos?z)y = 0. 

dz? 
The problem is to determine a in terms of k so that the equation has a solution 
which has the period or 27. It was proved by Whittaker that the even 
periodic functions satisfy the integral equation 


y(e) +2 yan =0, 


that the odd periodic functions satisfy the equation 


y(z) +2 [isin (k sin z cos y(0)d@ = 0, 


and that both satisfy the equation 
y(z) +X fie sin sin 0y(9)d9 = 0. 


These equations have solutions only when d satisfies the equation D(A) =0, 
the equation for the characteristic numbers in the theory of integral equa- 
tions. 

When &=0 the solution of the differential equation of period or 27 is 
obtained by supposing a to be the square of an integer; these solutions 
being 1, cos z, sin z, cos 2z, sin 2z,---. When k=0 there exist solutions 
for proper values of a which reduce to these if k=0. These are denoted by 
ceo(z), cei(z), sei(z), cee(z), see(z), etc. 

These solutions could be calculated from the integral equation if \ were 
known. But it was shown by Whittaker that the early members of the 
succession of functions can be found without knowing A. His method succeeds 
as far as ces(z), ses(z) but cannot be carried further, since to obtain the 
terms of the Fourier series for ce,(z), se,(z), # 27, requires the solution of a 
system of linear equations which involves a greater number of unknowns 
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than of equations. This system might be extended to an infinite one but it 
is not possible to obtain the solution. Another method must be followed 
which is exemplified by the following determination of ceo(z). 

14. Let 


y = ceo(z) = do + a2 cos 22 + aycos4z+--:- 
be a solution of the differential equation. Then differentiating and sub- 
stituting there results 
—a(ao + a2 cos 22 + a,cos4z +--+) = — 2%a2 cos 22 
—4%a, cos 42 — --- + k®[ao/2 + (ao/2) cos 22 + a2/4 + (a2/4) cos 2z 
+ +++ (a2,/4) cos (2r — 2)z + (a2,/2) cos 2rz + (a2,/4) cos(2r + J. 


Equate coefficients of cosines of like multiples of z and the following equations 
are obtained: 


(a + k?/2)ao + (k?/4)a2 = 0, 

(k?/2)ao + (a + — + (h2/4)ay = 0, 
(k2/4)a2 + (a + — + (h2/4)a6 = 0, 
(k2/4)ay + (a + — 6%)ae + = 0, 


It is necessary to consider the determinants 

D, = a+ k?/2, 
2 2 
a + k2/2 0 
Dis=| a+k?/2—22 k?/4 
0 k2/4 a + k2/2 — 42 
= (a + — (2? + 4")(a + + (294? — 3(k/2)*)(a + k?/2) 
+ 2+4%(k/2)*, 


a + 0 0 
a+ k?/2—2? k2/4 0 
0 k2/4 a + — 42 
0 0 k2/4 a+ — 6? 


D,= 


(k?/4)d2n—2 + (a + k?/2 4n*) den + (k?/4) dense = 0, 


1927] 
= (a + k?/2)4 — (2? + 4° + 6%)(a + 
+ (22+42 + 22-62 + 42-62 — 4(k/2)*)(a + 2/2)? 
— {2%+42+62 — (22 2°42 + 3+6%)(k/2)*} (a + k2/2) 
— + 2(k/2)$, 
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a+ k?/2 
k?/2 
0 
0 
0 


k?/4 
a+ k2/2— 22 
k2/4 
0 
0 


0 
a+ k?/2 — 4? 
0 


0 
0 
a+ k?/2—6? 


0 
0 
a+ k2/2— 8? 


= (a + he/2)5 — (2? + 4? + 6? + 8*)(a + 
+ {22-42 + 22+62 + 42-62 + 22682 4 42-82 4+ 62-82 
— 5(k/2)4} (a + k2/2)3 — {22+ 42-62 + 22+ 42-8? 4+ 
+ 42+62+8? — (2+2? + 3+4% + 36? + 4+8°)(k/2)4} (a + 2/2)? 
+ {22+ 42+ 62-8? 4? 22+ 82 22242062 + 22042682 
+ — 5(k/2)8} (a+ k?/2) 
+ 2+42+62+8%(k/2)4 — (2°42 + 2+8%)(k/2)8. 
These determinants are connected by the relation 


Dn = {a + — (2m — 2)*}Dy_a — 


as may be verified by expanding D, in terms of the last row. The quanti- 
ties D,, regarded as functions of a have the characteristics of a Sturmian series. 
D, is of the mth degree in a, and the coefficient of a" is +1. Moreover it is 
evident from the recurrence relation if D,..=0 that D, and D,_2 have op- 
posite signs. Denote the number of variations of sign when a is put = +2 


in the succession by Vi. and when 
by V_., and it is evident that V_.—V,.=m. Hence the equation D,=0 
has » real roots; it also follows that D, and D,_; have unlike signs just before 
each of the m roots of D, =0 and like signs immediately after. 

It will be proved in § 17 that the quantities a, ao, a2, - - - are power series 
in k*? where ao may be put equal to unity. If it be assumed that a solution 
céo(z) exists which reduces to unity when k=0, it follows that a=(k?), 
don=(k*), where the notation (k") means divisible by &*. 
Since a+k?/2 = —(k*/4)az, then a+k?/2=(k*). If now the solution of the 
first m equations is expressed in the form 
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Go: do: idan 
at+k/2 0 
a+h/2—22 
0 


- a+ k?/2 — (2m — 2)? 
it appears that 


But d2,/do=(k?); hence D, = (k2"+?). 

This allows the calculation of the successive terms of a as follows. Put 
a+k?/2=ck*+ --- ; substitute in D, and require that the result shall have 
the form (k*). This gives (ck*+ --- —4) ---)—k4/8=(k*), or 
—4c—1/8 =0, orc = —1/32. Next substitute in D; for a+k?/2 the expression 
—(1/32)k*+ck*®+ - - - and require that the lowest power of k? which appears 
shall have a vanishing coefficient. This power is multiplied by 2?+4?+c. 
Hence c=0. The process may be continued; at each stage a new coefficient 
is found unambiguously, and finally the expression for a in powers of k. 

15. When a is known the coefficients a2, as, - - - are at once determined, 
but it is preferable to arrange the series for ceo(z) in powers of k, or to put 


Ceo (z) = 1 + bok? + + ---, 
where b, b,, - - - are finite trigonometric series. Substitute in the differential 
equation and give a the value just found in powers of &. There results 
kh? + bi’ + (a + + bok? + + -) 
+ (k?/2)(1 + bok? + + ---) cos 22 = 0. 


If the coefficients of k*, k4,--- are equated to zero, a system of linear 
differential equations with constant coefficients for be, b4, - - - results: 


by’ + 22 = 0, 


1 1 
— —+—b: cos 2z = 0, 
4 7” 


This simultaneous system may be solved, and the complementary functions 
must be put equal to zero to obtain ceo(z). It is found that 


ceo(z) = 1 + (k2/8) cos 22 + (k4/2%) cos4z +---. 


[October 
dean + 4"D, 
do 
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The value of a is equal to 


a = — k?/2 — k4/25+ — Ro+---, 
389*2 
It is necessary to examine the statement made above that the values of 
the coefficients found for the expansion of a are determined unambiguously. 
The development of a has been obtained by substitution of the series 


for a, and by determination of ¢, - - - , ¢, so that D,=(k*"+*). For example 
if for a is substituted 


— — (1/32)k* + + + --- 


it is found that 
D, = Dz = (k°), Ds = (8); 
but 
Ds = (a + — 6*)Ds — (h?/2)*D2 = 

and these equations are true whatever c;. If c, can be determined to make 
D;=(k"®), it follows that since When k?=0, 
the roots of D,=0 are distinct. Then from the principles of algebraic func- 
tions, there exists a unique series c,k?+ - - - which expresses that root of 
the equation D,=0 which vanishes with k*. The coefficients of this series 
may be determined seriatim by the conditions that D,=(k?), D,=(k‘), 
etc. Applying this theorem to D, it follows that the coefficients of the 
first three terms are —1/2, —1/32,0. Hence it must be possible to determine 
c, so as to make D,=(k'°). The subsequent terms in the expansion of a may 
be similarly determined. 

The quantities a2,, D, are really divisible by higher powers of & than has 
yet appeared; in fact don, =(k*") and D,=(k*"). This may be proved from 
the system of equations for bs, bs, etc., which are 


be” + Cnbo + + + + (COS =O (n=1,---) 


where a+k?/2=cok*+ ---,¢,=0, bb =1. It is evident that is the first 
unknown which involves cos 2z, so that k®" is the lowest power of k which 
occurs in the coefficient of cos 2mz; hence dz, = (k2"). Since 
don 


= 


ao 


it follows that Den =(k*"). 
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16. The method of determination of ceo(z) may be applied to the cal- 
culation of all the functions ce2,(z). Consider the next even function of 
period 7, and write 


(z) = do + ag cos2z2+---. 
In the system of equations for ao, de, - - - (§ 14), put a.=1. When k=0, 
a reduces to 2? and ao, as, a vanish, and so are of the form (k?). Upon refer- 
ence to the solution given for do, - - - , dan, it is evident that D,=(k**), 
n=2. This allows the calculation of a by a method analogous to that used 
in the case of ceo(z). From the first equation, do=(k*). Substitute in the 
second and it follows that a+k?/2—2?=(k‘). Put 


a = k/2+ck*+---, 
and since D,=(k*) whatever c, make D;=(k*). Then 


a k4 + ck® + 
and make D,=(k*). Then c=0, etc. Hence 
2 
It is needless to repeat the arguments which justify this procedure. The 
function ce:(z) is determined by a system of differential equations as was 
céo(z) ; the result is 
4 
6*210 
The results of calculation are here illustrated; a‘ denotes the value 
of a for ce,(z) and aj) the value of a for the mth odd function se,(z) : 


a = — — 


k? 
cols) cos 2s + (cos de 2) + cos 62 + 


+ 2? 


1 5 
(2) = 4 — 
a 3 + + + 


5 
Put 
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1 1 1 
a®) =9——f?— —ft— 4... 
2 28 212 


1 1 11 
a) = 16——k? — ki 
2 25°15 29*45 
a1 = 1— — k4/27 + 
ceo(z) = 1 + (k2/8) cos 22 + (k*/2%) cos4z+---, 
cex(z) = cos z + (k?/25) cos 3z + (k4/2)(cos 52 — (1/3) cos 32) +--+, 


ceo(z) = cos 22 +(k*/25)((2/3) cos 4z — 2) + 


ce3(z) = cos 3z + (k2/25)(— cos z + cos 
+ (k4/2")(cos + (1/10)cos 7z) +--+, 


cex(z) = cos 42 + (k?/25)((2/5)cos 6z — (2/3)cos 22) 


— {—cos 8z + —cos 22 + — vee 
2% \15 45 3 


sei(z) = sinz + (k2/25)sin 32 + 5z + sin 3z) + ---;* 


The differential equation 
d*y 
— + (a+ cos?z)y = 0 
dz? 
can be transformed into itself. Put z=2’+7/2; then 
d*y 
+ — (k4/2)cos* = 0. 


This transformation makes possible the calculation of a second function and 
a second value of a, when a first function and a first value of a are given. 
For example if the transformation is applied to ce:(z) there results the func- 
tion —se,(z), and a is transformed into aq, etc.; ceo(z) and do are ex- 
ceptional. It is evident that on replacing z by 2’+7/2 and k? by —k?, 
ceo(z) is transformed into itself. Hence ao is transformed into itself. But 
this proves that all powers of & in a» after the first term are of the form 4m. 


* These calculations have been carried further by Dr. Saund, in his doctor dissertation at the - 
University of California. 
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17. The assumption has been made, in what precedes, that periodic 
solutions exist, and that the quantities a, - - - ,@,, - - - are analytic functions 
of k. It remains to justify these assumptions. In what follows two proofs 
of the existence of periodic solutions will be given. It may be seen that 
periodic solutions exist for every value of k?. For consider the equations 
+2 (§ 7) in which \=—k?, and h?=—a. For a given value, 
A=Xo, @iu+ax is an integral function of #. In accordance with the general 
theory of Picard,* if one of these equations has not an infinite number of 
solutions the other one has an infinite number. If the equation a,+¢@22.=2 
has an infinite number of solutions there exists for the value \ = Xo an infinite 
number of functions having period 7. If a::+-@22. = —2 has an infinite number 
of solutions, there exists an infinite number of functions f(x) such that 
f(x+7) = —f(x), or f(x+27) =f(x). Hence there exists for all values of 
an infinite number of functions having the period 7 or 27. This theorem is 
not sufficient to prove the existence, for all values of k?, of the functions 
ce,(z), se,(z) for which formal developments have just been obtained. 

A determination of all periodic solutions of the differential equation 
will now be given in the form of a proof that the series for ce,(z), se,(z) 
and a, ai) converge for all values of &?. Write the system of equations for 
do, a2, - - as follows. Put 


4(a + (2n)) 
and a+?/2 =v; then the equations beginning at the third are 


Xn, 


+ Co + = O, 


+ C3 + = 0, 


where ¢, =d2n. This is a system of the same form as that previously treated 
(§ 4). A solution such that c,—0 was found to be given by 


It is supposed that v#(2m)? so that x,#0. Substitute the values of ¢1, ce 
in the first and second equations (§ 14) and they become 


1 Xe 


* Picard, Traité d’ Analyse, vol. 3, p. 346. 
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1 1 2x3 


(k?/2)ao + (v — 2?) —22(k?/4)| - 


Eliminating a there results 


1 1 x3 


v(v — 2%)| - —(k*/8)| - 


—x(k?/4)|- 


This may be written in the form 


a+ k?/2 k?/4 0 00 
a+hk?/2—2? k?/4 0 0 
0 Xe 1 
0 0 x3 


xo 0 


1 x3 


If D, =(a+hk?/2—4*) (a+k?/2—6*) -- - (a+k?/2—(2n—2)?)d,, then d,—d 


as 


This follows since 


a+ k?/2 
k?/2 
0 
0 


0 


k?/4 0 00 
a+ k?/2 — 2? k?/4 0 0 
Xe 1 2x20 


0 X3 


0 


1 


Xn-1 1 


This determinant is convergent as may be seen on applying the test for 
convergence used in § 2. Hence d,—d, n>. The equation for v given above 
may evidently be written v=P,(v, k?) where every term in P,(v, k*) is 
divisible by either v? or k?; hence »=P(k?) and it is clear that P(k*) =(k*). 
The value of a corresponding to v is therefore —k?/2+ck'+---, the 
terms of which have been calculated above (§ 14). It will be seen that 
the equation d=0 has an infinite number of real roots of which this value 
of a is the first, and they reduce when k=0 to 0, 22, 42,--+. This is 
proved in the following way. If the determinant d is expanded in terms of 
the row containing x, the equation d=0 may be written in the form 


v — (2n)? = Pi(v — (2m)?, ?), 
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where every term in P;(v—(2m)?, k?) is divisible by (v—(2m)*) or k*. Ac- 
cordingly v—(2m)*=P(k*), or 


a = (2m)? — k2/2 + P(k). 


These values of a may all be calculated from the equations D,=0 in the 
manner carried out in § 14. 

In this way the roots which tend to (2m)? as k-0 are found. It may 
be proved that there are no others, or more precisely, no root of the equation 
d=0 tends to a limit, /~(2m)?, and no root increases indefinitely as k—-0. 
The first statement is true since a and k? satisfy the equation a+¢2.—2=0. 
If a root of this equation in a is bounded as k—-0 it must have a limit. This 
limit is a root of the equation a:+4@22—2=0 in which k has been put equal 
to zero. Further a root of the equation d=0 cannot —« when k-0. If 
v—co then |v| takes the value (29+1)? infinitely often, and 


|v — (2m)?| =|] — (2n)?| =| (2p + 1)? — (2m)? |. 


The least value of this quantity for a given p is furnished by n=), so that 
|v—(2n)?|>4p+1; hence x,—0 for these values of |v]. But the equation 
d=0 may be written 

1 x O 0 

2x1 1 0 


o(v — 2)? 
( ) 0 Xe 1 Xe 


and cannot be satisfied if |v] =2p+1, po. Hence as k—-0 the roots of 
d=0-— 0, 2?, 42,---. The same reasoning shows that when k-k,)+0 no 
root of the equation d=0-—~. 

If a value of a satisfying d=0 is obtained the values of the coefficients 


G2, ds, - - - are given in two different forms in what precedes, viz. 
a2, = (— 1)” (n =0,1,---, Do = 1), 
and dom =c,/Co where 
Cp = (— Xn+1(Xn42) (mn = 1,2,-- ‘); 


~ + 2/2)" 


The series 1+, cos 2z+ - - - is convergent because the ratio 


Co xo(%2). 
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= =— 


n>1; 


and since (x,)—>1 as no it follows that 
k2 
— (2n + 2)? 


Hence the series 1+ cos 22+ - - - converges for all values of z. 

By a similar reasoning the existence of the odd functions as well as those 
of period 27 may be proved. 

It has been assumed in the preceding analysis that a+k?/2(2m)*. 
If a+k?/2 =(2n)* the proof of convergence may be effected by beginning 
at the mth equation for do, ae, - - - and expressing the solution of the system 


Xn41Cn + + = O, 


+ Cae + = 0, 


in the same manner as before. 

The functions denoted ce,(z), se,(z) are obtained from the expressions 
just given for the periodic solution by dividing by the coefficient of cos nz 
or of sin mz, so that these terms have coefficients equal to unity. This division 
is possible if k is sufficiently small since the divisors are #0. 

Finally the existence of periodic solutions has been proved and expressions 
for all of them for all values of k? have been determined. 

18. The series obtained for the quantities a and the periodic functions 
converge if k is sufficiently small, but the radius of convergence has not been 
found. Consider the values of a which belong to ce2,(z) ; it may be proved that 
the singular points of a are those values of k for which two or more values 
of a coincide. For if ko is the singular value of k then when ko, it was 
proved above that a—1, a finite value; and if the values of a corresponding 
to k=ky are distinct, each of the values of a is by the theory of implicit 
functions a series of integral powers of k—ko. But the value ko would not 
be singular if the values of a are so expressed; hence the values of a are not 
distinct if k= ko. 

If f.(z), fm(z) are two periodic functions corresponding to two values of 
a which become equal, then f,(z) =pfm(z), p independent of z, when k=hp. 
Since by the theory of integral equations 


f = 0, 
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it follows that if k =o, 
f = 0. 


The value of this integral may be expressed in terms of a2, a4, - - - giving 


Hence if for k =k» two values of a become equal, and if in 
4°D,, 
do, = (— 


the value with which they coincide is substituted, then 


1+ 30? + fa? +---=0. 


It follows that the singular values k? are not real. To prove this it is necessary 
to prove first that if k* is real the values of a are real. Suppose that for a real 
value of k?, a has the value a’+ia’’ and y has the value y:+7y2. Then 


yi" + iye” + (a’ + + ke cos? z)(y1 + ive) = 0, 


or 
yi" + (a’ + k* cos? z)y1 — ye = O, 
yo” + (a’ + z)y2 + = 0. 
It follows that 


d 

— = a" (y? + y?), 
and integrating from 0 to 7 that 

0= f (y? + y#?)dz 
0 
since y; and 2 have the period 7. Hence a’’=0 or a is real. If a and k? are 
real, a2, is real so that 
1+ + 3a? +---#0. 


Hence k? is not real if ko is a singular value. Since the singular values of 
k correspond to equal values of a the equation d=0 cannot have a multiple 
root if k? is real. 

A numerical estimate of the values of k? and a which are singular may 
be found from the polynomials D, by finding the values of k* for which 
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the equation D,=0 has coincident roots. It appears that approximately 
k?=5.8 1, a=2.1—2.9i for the singular point nearest zero. 

19. The equation of the elliptic cylinder cannot have two periodic 
solutions of period w or wi for the same values of a and k*. If 4» =0 two solu- 
tions are given by the formulas 


1 
f(z) = )In(de*), 


1 
¥(z) = )K,(de*). 


The second solution is distinct from the first, since 
K,(x) = ¢ (log x)Jn(x) + Pa(x), 


where c is not zero and P,(x) is a power series in x. This solution does not 
vanish identically since this would require ¢() =0 for every n. Since every 
solution is a linear combination of f(z) and y¥(z), and since every solution is 
periodic if two independent solutions are periodic, ¥(z) must be periodic. 
But 


+o 
= (log A)e*f(2) + Pa(de*) , 


which is not periodic. Hence the equation of the elliptic cylinder never has 
two independent periodic solutions. 

An incidental result of the theorem that two values @in), Gem) cannot 
coincide when k? is real is that @i2m)>@n) if m>n. For if deem) <@¢en) for 
any value of k, letting k? diminish to zero, there must for some value of 
k? be found the equality en), since when k?=0, dim) =2m? and 
Gen) =(2n)?. But for any real value of Hence if 
m>n. 

It may further be proved that if k? is real the value of da/dk? is negative. 
First it may be proved that da/dk?0 for any real value of k?. For suppose 
da/dk?=0 and let w=dy,/dk? where y, is a periodic solution. Then if ye 
is an independent solution it may be supposed that ye=zyi+y3 where ys 
is periodic. The function w must satisfy the equation 


aw 
—-+ (a+ k*cosz)w = — cos?z, 


682 J. H. McDONALD 


and the solution of this equation is known to be 


w=Ay.+ *f- (cos* z) yi2dz + By; — *f- (cos? z) yi:yedz, 


where 


dy2 dy, 
¢ = #0. 
wa 


If 
— (cos? z)y:? = Ao + Ai cos 22+ --- 


it is found that 
w = $Ao2*y; + 2F(z) + G(z), 


where F(z) and G(z) are periodic functions of z. Hence if w is periodic, Ay =0. 
But 


1 
Ay=- ~f (cos? z) yi2dz, 
Jo 


hence 
f (cos? z) = 0 
0 


which is impossible if k? is real. Hence da/dk?+#0. The values of da/dk?* 
when k=0 are known however from the series for a, viz., —k?/2—k*4/32, 
1—3k?/4— ---, and are seen to be —1/2, —1/3, —1/2,---, the values 
being —1/2 after the second. Hence da/dk?<0O for all real values of &?, 
which was to be proved. 
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ON A CLASS OF INTEGRAL EQUATIONS WITH 
DISCONTINUOUS KERNELS* 


BY 
RUDOLPH E. LANGER anp ELEANOR P. BROWN 


CHAPTER 1. INTRODUCTION 


This paper is given to the discussion of the integral equation in which the 
kernel K(x, £) is continuous, but possesses first partial derivatives which are 
discontinuous along the line =x. It is closely related to a previous paper 
in which the case of a discontinuous kernel has been treated. The motivation 
of the problem and the origin of the work is there discussed. Suffice it to 
remark here that the present paper originated in a thesis prepared under 
Birkhoff and presented at Radcliffe College in 1921. 

The integral equation with a kernel having the properties of discontinuity 
mentioned above is also the subject of a recent paper by A. Hammerstein.§ 
He considers, however, only the case in which the kernel is also symmetric. 
Assuming the existence of infinitely many positive characteristic values he 
obtains an asymptotic form for the characteristic functions. 

The present paper, without the hypothesis of symmetry, establishes the 
existence and derives the asymptotic forms of the characteristic values, and 
gives for the characteristic functions an asymptotic expression which is 
considerably more explicit than that obtained by Hammerstein for a more 
restricted case. The closure of the set of solutions is discussed and the problem 
of the expansion of an arbitrary function in a series of solutions is treated. 
The methods used are on the whole the same as those used in the earlier 
paper referred to above, and where the procedure is similar it has been passed 
over briefly here. One improvement, however, which is also applicable to the 
case there treated may be mentioned, namely, the proof that the set of 
characteristic functions is closed has been materially simplified. This 
was accomplished by the use of an extension of Birkhoff’s theorem on 


* Presented to the Society, December 28, 1926; received by the editors December 1, 1926. 

t Langer, these Transactions, vol. 28 (1926). This paper will be referred to in the text simply as 
paper 1. 

¢ By Eleanor Pairman, now Mrs. Eleanor P. Brown. 

§ Uber die asymptotische Darstellung der Eigenfunktionen linearer Integralgleichungen, Mathe- 
matische Annalen, 1924, p. 113. Cf. also his paper in Mathematische Annalen, 1926, p. 102, where an 
analogous situation for the integral equation in two variables is treated. 
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closure, and of a general theorem on the closure of the solutions of an in- 
tegral equation.* 

The final chapter outlines the theory of an equation which does not 
satisfy the general hypotheses made, and shows that under such circumstances 
the solutions may differ radically in character from those of the cases more 
fully treated. 


CHAPTER 2. THE NORMALIZATION OF THE EQUATION 


1. The type of equation treated. The integral equation to be discussed is 
of the form 


B 
(1) y(t) +2? f = 0, 


where \ is a complex parameter, while the kernel I'(¢, 7) is real and satisfies 
the following hypothe-es: 


(i) T'(é, r) is continuous in the region 


{ astsp 
asrsB, 
and possesses partial derivatives of order 2 which are continuous in the open 
regions 


R{ 
asisB, asisB, 


and approach finite limiting values on the boundary 7 =?. 


r=t+ 


(i) | = #0. 


T=t— 


(iii) The functions 


| Gj = 0,1,2) 


T=t— 


each possess a continuous derivative on the interval (a, 8). 


* Langer, Three theorems on closure of biorthogonal systems of functions, Bulletin of the American 
Mathematical Society, vol. 33 (1927), pp. 97-105. We note here that in this paper the require- 
ment that the solutions of the equation numbered 8 form a biorthogonal set should have ap- 
peared as part of the hypothesis. 
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2. The change of variables. Under the hypotheses made the function 
¢(#) possesses a continuous derivative of second order.* There is no loss of 
generality moreover in assuming ¢(#) >0. The quantities 


may serve, therefore, as new independent variables. In terms of them 
equation (1) takes the form 


b 


8 
@=0, d= f {o()} ar, 


T(t,r) 
= — Tomy" 


The kernel Q(x, ~) of this equation is continuous, while 


fart 


=-1. 


Let the function y(x) be defined now by the relation 
f=2+ 
| 
Then with the introduction of 
(2)d2 


(4) u(x) = 


as a new dependent variable the equation (3) in turn takes the form 
b 
(5) u(x) =r 


where 
(2)dz 


= O(x,f)e 
It is to be observed that 


z+ 
=0. 


t= 
f=—z— 


| 


* Cf., e.g., paper 1, §2. 
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3. The equation of normal form.* The kernel Q(x, ) may possibly be 
orthogonal on the interval (a, b) to certain continuous functions either of x 
or of é, and if this is the case either equation (5) or its associated equation 
will fail to satisfy certain hypotheses which must subsequently be made. 
We shall make, then, the following hypothesis concerning the given equation, 
namely: 


(iv) The kernel Q(x, £) is orthogonal to at most a finite number r of linearly 
independent functions y; (x) or to at most a finite number s of linearly in- 
dependent functions ¢,(&), these functions being possessed of continuous 
derivatives of order 2. If r¥0, s+0, then with proper assignment of sub- 
scripts the system of functions 


{oi(x), w(x) } (i »P) 


may be made biorthogonal and normal,f where # is the lesser of the two 
integers r and s, or p=r=s. 


Under this hypothesis we may suppose that 


(6) f = = 1,2, Ps 


where 6;; is zero or one according as 1#j or i=j. 
Consider now the integral equation 


(7) u(x) = f K(x,8)u(t)dé, 


K(x,8) = Q(x,) + 


If we assume the kernel of this equation to be orthogonal on (a, b) to a con- 
tinuous function o(x), it follows that 


b Pp 6 


Multiplying this equation by ¢,(x) and integrating we find because of (6) 
that 


=0 


* This step in the normalization was not made in paper 1, but is equally applicable to the 
problem there treated. 
t Cf. Goursat, Cours d’ Analyse, vol. 3, p. 392. 
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and hence because of the preceding equation that o(x) must be orthogonal 
also to Q(x, £). Accordingly o(x) must be a linear combination of the func- 
tions ¥;(x) and since it is orthogonal to ¢;(x) it follows that if p=r then ¢=0. 
Similarly it can be shown that if K(x, &) is orthogonal to a continuous 
function w(é), then w=0 if p=s. It will be recalled that either p=r, or p=s, 
or both. 

It is clear that the features of discontinuity of the kernel Q(x, &) are 
preserved in the kernel K(x, &). If the definitions of the partial derivatives 
of K(x, £) are completed by assigning to them on the line ¢ =~ their limiting 
values as x, <x the equation (7) will be said to represent the normal form. 
Its distinguishing characteristics are the following: 


(A) There exists either no function of x or no function of ~ which is con- 
tinuous with its second derivative, is orthogonal to K(x, £), and is not 
identically zero. 


(B) K(x, &) is continuous in the region 
R { asxsb 
asisb, 
and possesses partial derivatives to those of order m =2 which are continuous 


in the regions 


and 
asxsb, 


and in the latter region approach finite limiting values at each point of the 
boundary 


asxsb, 


© =-1, wt. 


= Kus.) = 0. 


z 


4. The relation between the given equation and the normal equation. 
Inasmuch as the functions Q(x, £) and >-%_,¢:(x)y.(€) are orthogonal, the 
sets of characteristic values and functions of (7) are composed respectively 
of the corresponding sets for the two equations, namely (5), and the equation 
with kernel 


* Goursat, Cours d’ Analyse, vol. 3, p. 402. 
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This latter equation is found, however, to admit of the single character- 
istic value \=1, with ¢,(x),---,,(x) constituting a complete set of 
characteristic functions. 


THEOREM 1. Every integral equation of type (1) whose kernel possesses the 
properties (i), (ii), (iii), (iv) may be associated with an equation of normal form 
as defined above. 


CHAPTER 3. TRANSFORMATION OF THE INTEGRAL EQUATION INTO 
AN INTEGRO-DIFFERENTIAL SYSTEM 


5. The auxiliary differential system. We shall make the hypothesis 
that for the normal integral equation in hand the number under property 
(B), §3, satisfies the relation 


(v) n=4. 
Then we consider in conjunction with this equation the differential system 
y"(x) = 0, 
Lily) = wiry(a) + + viry(b) + viey’(b) = 0 (i = 1,2), 
and its adjoint system 
2"(x) = 0, 
Miz) = + + + = 


(8) 


The coefficients y;;, v;; will be regarded as parameters to be chosen arbitrarily 
subject to the restriction that they shall not satisfy certain relations (finite 
in number) which arise in the deductions. Thus to begin with 


(9) ws;,vi; shall be chosen so that system (8) is incompatible. 


This restriction insures the existence of the Green’s function G(x, £). If 
we designate by L,(w), when w=w(x, £) is any function of two variables, the 
the result produced by the operation ZL; on w considered as a function of zx, 
and by M,(w) the result produced by M; on w as a function of £, then with 
proper definitions for the partial derivatives of G(x, £) on the line =x we 
have 


‘I. G(x, &) is continuous in R and its partial derivatives are continuous in R, 
and Ro. 


II. | =-1, = 1. 
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L(G) = = 0. 

6. The function K(x, &). We abbreviate by setting 
(10) W(x) = MAK), = Li(K) (i = 1,2). 
These functions are continuous together with their first (n—1) derivatives 
on the interval (a, 6). Moreover 
(11) L(W;) = MXV)), 


for it is found by direct substitution and the use of properties (C) and (D) 
of the kernel K(x, &) that (11) is equivalent to 


(11a) — — + = O (i,j = 1,2), 


while the validity of this relation may be established as follows. The operators 
M; and L; are connected by the relation* 


b 4 
(12) f — = Ms), 


where L(y) for i=3, 4 may be considered as given by formulas (8) with any 
determination of coefficients y;;, vi;,i=3, 4, 7=1, 2, for which the determi- 
nant 
= |uin,mi2, rin, | (i = 1,2,3,4) 

does not vanish. By direct integration of the left member of (12) its value is 
found to be 
(12a) — y'(a)2(a) + y(a)z’(a) + y(b)2(b) — y(b)2’(d). 
Solving equations 

Li = way(a) + + viry(b) + viey’(d) (i = 1, 2, 3,4), 
we obtain the expressions 

ya) =m, = 92, = ys, = 


where 
1 4 
CiLily), 


j=1 


* Cf. Birkhoff, Boundary value and expansion problems, these Transactions, vol. 9 (1908), 
p. 375. 
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the constant C;,; being the cofactor of the element in the jth row and ith 
column of @. If these values are substituted in (12a), we have both members 
of (12) expressed as linear forms in L;(y). Equating the coefficients of L,(y) 
fori =4, 3 we obtain the forms M ,(z),7=1, 2. Asa result we find that we may 
cho ose 
Ba = Csi2, He = —Csin, Pa = —Coia, = Cris. 
With these values it is evident that (11a) is an identity. 
Let the quantity A be defined by the relation 
LiW,) 
(13) (Wi) Li(We) 
LAW) Le(We) 


Inasmuch as the constants can be expressed as polynomials in 
v;;, the same is true of A. We shall make the following hypothesis concerning 
the given equation, namely that 


(vi) A £0 in 
Then we may suppose these parameters chosen so that 
(14) A +0. 


The function K(x, £) is defined now by the formula 
K(x,&) Wi(x) W2(x) 
(15) K(x,t) = —| Vilé) Li(W,) Li(W2) |. 
Volt)  Le(Wi) Le(We) 
With the use of relation (11) it is readily verified that K(x, ) shares with 
K(x, €) its characteristics (B) to (D), while 
(16) L(K) = = 0 (i = 1,2). 
7. The relation between K(x, £) and G(x, ). The function 
w(x,£) = K(x,t) — G(x,é) 
is continuous together with its partial derivatives of second order in R, and 
satisfies the differential system 
£) 
Mw) = 0 (i = 1,2). 


Kz:(x,&) 


It follows* that we have for G(x, £) as a function of x the integral equation 
* Cf. paper 1, §7. 
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(17) K(2,8) — G(x,8) = f E(x,)G(t,8)dt, 


where 


E(x,t) = — Ku(x,t). 


From (15) we may write 
(18) K(x,t) = K(x,t) — 6:(x)Vilt) — 62(x)V2(0), 


where we observe in passing that 
(19) L(6;) = (i,j 1,2). 


From (18) it is seen that the parameters y;;, vi; are contained in the kernel 
of (17) only rationally and only in such terms as are products of a function of 
x by a function of ¢. It can be shown because of this that the Fredholm 
determinant D and the first minor D(x, t) of the kernel E(x, ¢) are themselves 
rational functions of these parameters.* We shall make the hypothesis that 


for the given equation 
(vii) D #0 in wij,%;, 


and shall suppose the parameters chosen so that 
(20) D#0. 


Then the reciprocal F(x, ¢) of the kernel E(x, ¢) exists and the relation (17) 
may be written in the “solved” form 


(21) G(x,t) = K(x,t) 


8. Properties of F(x, #). The kernel E(x, ¢) and hence also the reciprocal 
are continuous in R. From (16) we obtain the relation 


(22a) LE) = 0, 
and from Fredholm’s identities 


b b 
(23) E(x, 8) + F(x,8) = f E(x,t)F(t,8)dt = f F(x,t)E(t,)dt 


it follows further that 
(22b) 


=0, 


* Cf. the method of proof in paper 1, §8 or Bateman, H., A formula for the solving function of a 
certain integral equation of the second kind, Messenger of Mathematics, vol. 37(1907), p. 179. 
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and that F,(x, £) is possessed of partial derivatives to those of order (n —3) 
which are continuous in R; and R:. Lastly since F(x, £) =D(x, )/D, this 
reciprocal is rational in the parameters y;;, ¥4;. 

9. Transformation of equation (7). Let u(x) now be any solution of the 
normalized equation (7). Then it follows from (7), (10) and (18) that 


b 
(24) f = 


and 


b 
f = u(x) — Ly(u)0,(2) — Lo(u)0(2). 


With these relations we find upon multiplying (21) by A?u(€) and integrating 
that 


b b 
(25) f G(x, = u(x) — Li(u) — Lo(u) b2(x) — f F(x,t)u(é)dt, 
where 
b 
(26) (x) = 02) f (i = 1,2). 


We observe that ®,(x) possesses continuous derivatives to those of order 
(n—2) and that 


(27) = (i,j = 1,2). 


Returning to relation (25) and differentiating it twice weobtain anintegro- 
differential equation satisfied by u(x). If we abbreviate by setting 


i” (x) =¢,(x) 
fort 
(28) | 
™ 


F,.(x,&) f(x,8), 


and associate the equation last obtained with (24) above the result may be 
formulated as in the following theorem. 


= g(x), 


THEOREM 2. If the kernel of the normalized integral equation is such that 
the conditions (v), (vi), and (vii) are satisfied then every solution of the integral 
equation is also a solution of the integro-differential system 


b 
(a) u’’(x)— = Li(u)oi(x) + Lo(u)bo(x)+ f f(x, — g(x) u(x), 
(29) 
(b) Liu) f (i = 1,2). 
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Of the functions g(x) and ¢;(x), the first possesses continuous derivatives 
to order (n—3) while the others possess continuous derivatives to order 
(n—4). The function f(x, £) and its partial derivatives to order (n—4) are 
continuous in the regions R, and R:. 

10. The associated integral equation. The equation associated with (7), 


b 
(7) o(z) = f 


is also in normal form if the partial derivatives of the kernel are properly 
defined on the line £=x. The deductions already made are easily adapted, 
therefore, to apply to this equation as well. Thus we may set K(x, é) 
= K(é,x),and let the two sets of parameters y;;,v;; and ;;,0;; be interchanged. 
If we distinguish the various functions arising then in the consideration of 
(7) by superscribing them with a bar, it is readily found that 


W(x) = Vi(x), V(é) = W.(é), 
and, since L; and M; must be interchanged, that A=A. The condition A40 
in the parameters is therefore already covered. It is, however, necessary to 
make the further hypothesis that 
(vii) D in 


The conclusions embodied in Theorem 2 for equation (7) can then be drawn 
in an analogous manner for equation (7). 

The substitution of the equation (5) for equation (7) in §3 can now be 
motivated. If the kernel K(x, &) is orthogonal on (a, 6) to a function o(x) 
it follows from formulas (15) and (10) that 


b 
f K(x,8)o(x)dx = 0 
identically in y:;, ¥s;. But differentiating this equation twice it follows that 


b 
= f E(x,8)o(2)dz, 


and hence that D=0 in y,;, »;;. Similarly if K(x, &) is orthogonal to w(é), 
then D=0. If the kernel of equation (5) is orthogonal both to functions of x 
and to functions of é, therefore, a discussion similar to that above but applied 
to the equation (5) or to its associated equation would necessarily be stopped 
by conditions (vii) and (vii). 
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11. The transformation of system (29). The equivalence of system (29) 
and equation (7) will be established if it is shown that every solution of the 
former solves also the latter. Let us suppose the system (29) given. Then the 
functions ®,(x), i=1,2, and F(x, £) may be determined respectively as 
the unique continuous solutions of the differential systems 


y"(x) = d(x), 
Lily) = (i,j = 1,2), 
and as the unique solution continuous in R, and R; of the system 
(x,&) 


ax? f(x, 


LAY) = 0, | gia. 


Let o(x) be constructed now by the formula 


o(2) = w(x) — f — Ly(u) (2) — Lo(u) 


f 


u(x) being any solution of (29a). By (29a), IV, (22b), and (27), this function 
is a solution of the incompatible system (8). Hence it follows that o(x)=0, 
namely that u(x) is a solution of (25). 

The function E(x, £) is determined as the reciprocal of F(x, £), and the 
functions K(x, £) and 6,(x) are respectively determined by relations (17) 
and (26). 

Let (17) be multiplied by \2u() and integrated with respect to ¢. Elimi- 
nating 

G(x, 


from the result by means of (25), we find because of (26) and (23) that every 
solution of (29a) is also a solution of the equation 


b 
(30) u(2) =»? f K(x, + Ly(u)Os(x) + Lo(u)0a(2). 


If the function u(x) is a solution of the entire system (29) we may substi- 
tute further for Z,;(u) in (30) the values given by (29b). Because of (18) this 
results in reducing equation (30) to the form (7). 
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THEOREM 3. Under the hypotheses of Theorem 2 every solution of the integro- 
differential system (29) is also a solution of the normalized integral equation (7). 


12. The general system of type (29). In the preceding section we were 
concerned with the system (29) which was deduced from equation (7). This 
fact affected the deductions only to the extent that the function E(z, ¢) 
reciprocal to F(x, £) was known to exist. In any case the final function is 
found from (21), (26) and (18) to satisfy the relation 


(31) K(x,&) = {G(x,t) — ®i(x) — Vol) + ff 


which may be solved if F(x, 4) possesses a reciprocal. Hence we may state 


THEOREM 4. If the function F(x, £) associated in the manner above with an 
integro-differential system of type (29) possesses a reciprocal, then the system is 
equivalent to an integral equation of the second kind. 


Clearly the equivalence of equation (7) with the integro-differential system 
deduced from it may be established similarly under the hypotheses made. 


CHAPTER 4. THE EXISTENCE OF A SOLUTION OF THE 
INTEGRO-DIFFERENTIAL EQUATION 


13. Notation and lemmas. We shall adopt now the following as generic 
symbols: 

N to represent a positive constant sufficiently large; 

H(x, &,) to represent a function which is uniformly bounded for 
|A| 

e(x, £,\) to represent a function which approaches zero uniformly as 
[A ; 

B(x, £, \) to represent a function which for || > is uniformly bounded 
and in integrable as to uniformly in x and \;* 

E(x, ) to represent a function which is uniformly bounded for |A|>J, 
and which is continuous in x and analytic in d; 

M to represent a constant which is positive or zero. 

It is convenient also to have at hand the following lemmas.{ In them ¢ 
denotes the real part of X. 


* Cf. Langer and Tamarkin, A notion of uniform integrability, Bulletin of the American Mathe- 
matical Society, vol. 32 (1926), p. 335. 
t For proofs see paper 1, §17. 
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Lemma 1. If o<M and aszSb, then 
f B(x,£, = e(x,2,). 
Lemma 2. Ifo=—M and asz3b, then 
f = e(x,2,2). 


14. Transformation of the integro-differential equation. Let P(u, x) 
designate the right hand member of equation (29a) and consider the equation 


(32) u(x) — d2u(x) = P(u,x) + E(x,d). 
Looking upon it as a differential equation we may write 


(32a) u(x) = f — + E(é,d) ]dé, 


the coefficients c, and cz being arbitrary but constant with respect to x, and * 
representing a constant which may be chosen arbitrarily for each term of the 
integrand. Confining the attention to the case <M we assume for the 
moment that equation (32a) is possessed of a solution for the following values 
of the arbitrary elements: 


¢, = ke (k a constant), 
= 0, 


* =a for terms of the integrand involving e*--®, 
* =b for terms of the integrand involving e~*-®. 
With the abbreviations 


E(x) = = 


the equation may then be written 


u(x) = 4 + + 
(32b) 


+f . 


1927] DISCONTINUOUS KERNELS 697 


Looking upon this as an explicit evaluation of u(x) and forming from it the 
expressions L,(u), we obtain 


b 
(33) = Ly(u) + Lo(u) + Ti + f Rié)u(éd— = 1,2), 
where 

= Cidj(a) + ta = — Miz, 


Rit) = caf(a,t) + C2 = + vie, 


Ti = (wir + Amie) k + + cy E(a) + ci2E(d). 


The equations (33) compose an algebraic system for the quantities L;(u) 
with determinant 
1— — 


c= | 


By Lemmas 1 and 2, ¢;(x) =e(x, X), and hence $;;=«(A) and C-'=H(A). 
Hence the system (33) may be solved if |A|>N. If we denote by 7; the 
minor of the element in the ith row and jth column of C, the solution is 


(33a) = vi + f |. 
With these values equation (32b) becomes 

(32¢) u(x) = 0(x,2) + 

where 

(34) O(x,X) = + —> 
and 


1 2 


i,j=l 


15. The existence of a solution of equation (32). Returning now to the 
equation (32) let the functions @(«, \) and Q(x, ~, A) be constructed from its 
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coefficients by the formulas above. It is readily found then that for og M 
and |A|>WN, A), 02(x, A)/A, 2.(x, are bounded, while 


2(6 — a) 


Hence the equation (32c) possesses a solution u(x), which satisfies the rela- 
tions |u(x)|<A, |u’(x)/A|<A’, and which is analytic in \ for |A|>N. To 
show that u(x) satisfies also equation (32) it is necessary only to reverse the 
deductions above. 

The case >= —M may be treated similarly to that above, the arbitrary 
elements in (32a) being chosen as follows: 


a=0, = kes, 
* = b for terms involving e(7-®), 


* = a for terms involving e-®), 


The results also are similar to those there obtained. 
If the function E(x, ) vanishes identically the equation considered 
coincides with (29a) and we may summarize our results as follows. 


THEOREM 5. If the parameter d is restricted to any region bounded by a line 
parallel to the axis of imaginaries and exterior to a circle sufficiently large with 
center at X=0 then the equation (29a) admits of a solution u(x) which is 
analytic in \ and satisfies the relations 


| u(x) | <A (a constant), < A’ (a constant). 


If E(x, A) #0, the choice k=0 is possible. If we assume further that 
E(x, d) is integrable in x uniformly with respect to A, then by Lemmas 1 
and 2, E(x) =e(x, \), and with k =0, 0(x, \) =e(x, A)/A. In this case we have 
the 


THEOREM 6. Jf the parameter d is confined to a region as described in Theorem 
5 and if the function E(x, \) 40 is integrable in x uniformly with respect to d, 
then equation (32) admits of a solution u(x) which is analytic in \ and which is 
such that 
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CHAPTER 5. THE SOLUTION OF THE INTEGRO-DIFFERENTIAL 
EQUATION 


16. The probable form of a solution. To derive the probable form of a 
solution of equation (29a) we consider the scheme of successive approximation 
defined by the formula 


where P(u, x) is the right hand member of (29a). A particular function 
u;(x) in terms of u;-:(x) is given by 


(36) u(x) = + fren ] P(u;_1,0)dt, 


with any constant choice of * for each term of the integrand. The initial 
function u(x)=0 leads to u(x) =e**. With the use of Lemmas 1 and 2 
and with proper choice of * from the values *=a, «= and «=}(a+) it is 
found that for 7 =2, (36) admits of a solution of the form 


uo(x) = &*H(x,r) + &°H(x,d) + &*H(x,d) + 


In the further repetition of the process the introduction of terms of a type 
not already represented is avoidable. We are thus led to expect the existence 
of a solution with the functional form of u(x) above. 

17. The formal determination of coefficients. We shall write the func- 
tions H(x, \) now as series in descending powers of \, and seek to evaluate 
the coefficients. With the notation 


= 
we have then 


(37) u(x) = &[y(x)] + [5(x)] + &°[8(x)] + 


Substituting this into equation (29a) and integrating by parts the terms 
involving f(x, &) [y(é)] and f(x, £) [6(€)] we obtain the result 


of anfy'(x)] + + 


- (- | \ 
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Equating to zero the coefficient of e**/X' for /= —1, 0, 1, 2, - - - , we obtain 
equations from which the quantities y,(x) may be successively determined. 
In particular the choice yo=1 is possible. Further equating to zero the coef- 
ficient of e*++-=)/)! we find as a possible choice 6,;(x) =0 for all 7, while the 
terms in e**/! and e*¢/)! similarly yield formulas for the determination of 
the quantities 8;(x) and a(x). With the values already chosen we find in par- 
ticular Bo =o =0. 

18. The function a(x). The extent to which the formal process thus 
developed is actually applicable is limited by the number of derivatives 
which the coefficients of equation (29a) admit. Referring to §9, therefore, 
and considering the formulas obtained, we find that ,(x) possesses (m — 1—1) 
derivatives while B2;_1(x), Be:(x), a2s(x) possess derivatives of order 
(n—2—2i). The last of these coefficients which may be differentiated twice 
are therefore Yn-s(x), Bn—«(x), @n—«(x) if m is even and Yn_s(x), Bn—s(x), 
if m is odd. To avoid duplication in the discussion we shall suppose that for 
the case in hand m is even. Then the function 


(38) a(x) = {1 + 


Bn—a(X) 


4 @n—4( X) 


is twice differentiable. It is readily seen to satisfy an equation of the form 
1 ; 
(39) — = P(a,x) + + 


the functions B(x, \) being analytic in d for |\|>N. 

19. The true solutions. If u(x) is any solution of equation (29a) the 
function u(x) —a(x) is a solution of equation (39) and conversely. On the other 
hand if equation (39) is multiplied by \"~*e~** it takes, for o<M, the form 
(32) with 

E(x,d) = B(x,r) + B(x,d). 


This function E(x, \) is integrable in x uniformly with respect to A. It follows 
by Theorem 6 that this modified equation possesses a solution of the form 
e(x, A)/A, with derivatives of the form e(x, \). Hence we conclude that for 
o <M equation (29a) possesses a solution given by 
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e(x,A)er* 

e(x, Ae 


u(x) — a(x) = 


u'(x) — a(x) = 


For o=—M a similar argument may be applied to equation (39) multi- 
plied by \"-*e-**. Hence we conclude that equation (29a) possesses for 
a solution given by 


u(x) — a(x) = 


e(x,A)er? 
‘ 
It is clear that we may summarize these results as follows. 


THEOREM 7. If \ is confined to a region of the type described in Theorem 5 
then the integro-differential equation (29a) admits of a solution u,(x) of the form 


u(x) = { 
Bn—a(x) + €(x,d) 


— a(x) = 


On—4( X) + 
+ 
the first derivatives of the functions e(x, \) involved being of the form de(x, d). 


The equation (29a) involves \ only to the even power two. It follows that 
we have a second solution of this equation, namely 


(41) uo(x,rA) = u(x, — dA). 


Clearly these two solutions are linearly independent. 

20. The associated equation. Inasmuch as this chapter and the pre- 
ceding one involve no new hypotheses concerning the equation (7), it is clear 
that a precisely analogous discussion of the associated equation (7) is possible. 
The corresponding integro-differential equation admits, therefore, of solutions 
v:(x), v2(x) whose form may be obtained from u(x) and u(x) by replacing 
8; and a;, by 7;, 8; and &; respectively. 


CHAPTER 6. THE CHARACTERISTIC VALUES 


21. The characteristic equation. Since the equation (29a) is linear we 
have as a solution the expression 
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(42) u(x) = cyui(x) + Coma(x), 

where c; and ¢ are arbitrary constants. By Theorems 2 and 3, such a solution 
will satisfy the given integral equation if and only if it satisfies also the 
equations (29b). Setting 


b 
(43) wid) = Lu) — f (i,j = 1,2), 


and substituting in (29b) the form (42) we obtain as the relations to be satis- 
fied 

(44) + Cow o(d) = 0 (i 
These equations compose a homogeneous system for the constants ¢, and ¢, 
and admit of a solution if 

w12(d) 
wei(A) wea() 
This equation in we shall call the characteristic equation. Its roots, which 


are the values of \ for which (42) includes a solution of the integral equation, 
are the characteristic values. 

To deduce the functional form of (45) we substitute for \2u,(€) in (43) 
its value as the second term in (29a). Upon integrating twice by parts the 
resulting term in u}’ (€) we obtain the formula 


(45) = 0. 


(43a) = + Riotti(b) + Ristey (a) + (0) — f 


where 


b 
(46) = via — Vilb) + f Vilé)Gi(E)dE + f V 
(i = 1,2), 


and k;;, 7 =1, 2, 3, are given by similar forms, and where 
b 


Substituting in (43a) the forms 

uy(x) = &* + ed’e(x,d) + eMe(x,A), 

uy (x) = Afe* + + Oe(x,r)}, 
obtained from Theorem 7, we find that 

(43b) wi(A) = { his + €(A)} + { his + €(A)}. 


(40a) 


1927] DISCONTINUOUS KERNELS 703 


For the reductions here involved it is convenient to use the results of the 
following lemma. 


Lemma 3*. If 2; and 2 are any points of the interval (a, b), then 


From (41) and (43) it is readily seen that wi2(A) =wia(—d). Hence (43b) 
yields for the characteristic equation the form 


Ris kus 


23 24 


The quantities k;; are rational functions of the parameters 4; ;, as is 
seen from formula (46) etc. The vanishing or non-vanishing character of the 
determinant (kis koa— his kos) must, however, be independent of the choice 
of these parameters, since it vitally affects the structure of the characteristic 
equation, which depends only on the integral equation given.f We shail 
make the hypothesis that the given integral equation is such that 

kis hus 
(viii) 
The characteristic equation may then be written, for |\|>N, in the form 


(45a) + — [1 + €(A)] = 0. 


22. The characteristic values. The equation (45a) is formally a 
quadratic in e**-*, Factoring it we obtain 


= 1 + €(d), = — 1+ €(d). 


From this it follows that 


A= + e(A) 
b-—a 


It is readily shown§ that for |m| sufficiently large these equations 
admit respectively just one root in the neighborhood of 2mmi/(b—a), and 
(2m+1)mi/(b—a). These are the characteristic values. 

* For the proof of this lemma see paper 1, §23. 

t The analogous situation arising in paper 1, §33, is illustrated in paper 1, appendix. 

t A case in which this condition is not met is discussed in chapter 10. 

§ Cf. paper 1, §33. 
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By the classical theory of integral equations, associated equations have 
the same characteristic values. We observe, therefore, that our results are 
obtainable by the methods outlined when either equation (7) or equation (7) 
satisfies the hypotheses made. If we designate by A,, the characteristic value 
in the neighborhood of mmi/(b—a), we may formulate the result as follows: 


__TueEorem 8. Under the hypotheses (v), (vi) and (viii) and either (vii) or 
(vii), the normalized integral equation (7) admits of infinitely many characteristic 
values. For |\m| sufficiently large these values are given by the formula 


mri 


(47) An = + €m (m= +M,+(M+1),-:--), 


b-a 
where = 0. 


23. Amore precise formula for \,,. The deductions just made if carried 
out with the assumption of a greater number of derivatives of the kernel of 
the integral equation will lead to a more precise formula. Thus if m=6, then 
by Theorem 7 there exists a function (x) given by the theorem for n =6. 
With this form it is found that 


= reef kisyi(a) + kia ‘ 


kiayi(b) + k 
+ reed be \, 


and hence that the functions e(A) in (45a) are of the type A/A+(A+¢e(A))/A?2, 
where A and A are constants. This leads to a formula 


2mri A A + €2m 


Nem = ——- + —- + ——— 
b—a 2m (2m)? 
with a similar form with distinct constants for \em4:. We observe now, how- 
ever, that since the given integral equation involves \ to an even power, —Am 
is also a characteristic value. Clearly we may conclude from Theorem 8 
that for |m| sufficiently large —A » =A_m. Hence it follows that in the formula 
above A =0. We have, therefore, 


THEOREM 9. Jf, for the integral equation considered in Theorem 8, n=6, 
then the characteristic values are represented by a formula 

1 A — 1 mA m 


m m? 


(47a) 


where A, and Az are constants and lim, m+. €m=0. 
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CHAPTER 7. THE CHARACTERISTIC FUNCTIONS 


24. The solutions of the integral equation. The values A,, have been 
determined so that for suitable choice of the constants c; and c; formula (42) 
yields a solution of the integral equation. From (44) we find, moreover, 
because of (45) that 


(48) = — + + J, 
with any choice of the constant multipliers #, and 42. We shall choose these 
multipliers so that 

hikis + = 1, 


(49) 
Iykis + hekos = 0, 


which is possible because of (viii). If we observe then that e*= is uniformly 
bounded we find from (49) with the use of (43b) that 


= + ]: + €(Am) I], 
and hence from (42) with the use of (40a) that 
U(x,Am) = 4 + Xm). 
Substituting for \,, its value as given by (47) this reduces to 


u(x,Am) = 2 cos + e(x,m). 
b-—a 


25. The associated equation. The characteristic values of the equation 
(7) being also those of the associated equation (7), the considerations of this 
and the preceding chapter apply equally well to either equation if both 
satisfy the hypotheses made. Under this assumption we may conclude, 
therefore, that the equation (7) admits of a solution v(x, \») of precisely the 
form of u(x, \») above. Integrating the product of these solutions we find 
that 


The solutions may, therefore, be normalized by multiplying them by 
[2(b — a) + . 


Since the given equation involves only )? it follows that the solution for 
Am is identically that for A_m. Setting wm(x)=u(x, Am) =u(x, Am), 
Vm(X) =v(x, Am) =V(x%, Am), WE May summarize our results as follows: 
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THEOREM 10. Under the hypotheses (v), (vi), (vii), (vii) and (viii) the 
normalized characteristic functions of the given integral equation and its 
associated equation are given respectively for m sufficiently large by the formulas 
2 — x) 

cos —————- 

b-a 
ma(b — x) 


b-—a 


Um(x) = (; +¢(x,m), 


(50) 


Vm(x) = ( + €(x,m). 


26. The more precise formulas. If for the equation in hand 26, more 
explicit formulas may be deduced by the method above. Thus we obtain 
from (48) and (43c) 


+ H(Xm) ] 
Xm Ane 
] 
3] 
and using the form of u(x, \,,) given by Theorem 7 for n=6, we obtain 


A 
u(x,Am) = 4 
H(\m) 
Substituting in this the value of \,, as given by (47a) and observing that 
— x) — a) 


b-—a b-—a 


(— 1)™sin 


we obtain the result 


mx(b—x) H(x) mr(b—2) 
+ sin 
b-a m b-a 
H(x) mr(x—a) H(x,m) 
sin + 


m b-—a m? 


u(x,m) = 2 cos 


+ 


Precisely as in §27 we conclude that the associated equation admits of a 
solution which is of the form u(x, ,,) above with distinct functions Z. 
Moreover 


H(m) 
f U(x, Am)0(x,Am)dx = 2(6 — a) + 
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Hence we have the following theorem. 

THEOREM 11. If for the equation considered in Theorem 10, n26, the 
normalized solutions of the equation and its associated equation are given for m 
sufficiently large by the formulas 


— x) 
= ( 
— + H(x,m) 


b-—a 


+ H,(x) sin 


(50a) 

™m 

mra(x — + H(x,m) 


Um(x) = ( 


b-—a —a 


+ H2(x) sin 


CHAPTER 8. THE CLOSURE OF THE SET OF CHARACTERISTIC FUNCTIONS 


27. Application of a theorem of Birkhoff. We shall assume now that 
for the given integral equation 


(va) n= 6. 


To show that the sets ~»(x) and v(x) are closed we shall employ the follow- 
ing extension of a theorem of Birkhoff. 

Theorem. Let {um(x), vm(x)}, m=0, 1, 2,--- , be a normalized 
biorthogonal system of continuous functions and {#n(x) im(x)} be a 
second biorthogonal normalized system which is such that (a) the series 


x) tim(x) ]om(y), as b, 


converges uniformly to a function H(x, y) less than 1/(b—a) in absolute value, 
and (b) the convergence is such that the series upon being multiplied by any 
continuous function may be integrated term by term as to x to yield a 
uniformly convergent series. Then if the set {%m(x)} involves a k-fold lack 
of closure, the lack of closure of the set {%n(x) } is at most k-fold.* 

28. The integro-differential system with an additional parameter. 
Consider the system 


— = nP(u,2), 
b 
Li(us) = md? f (i = 1,2). 


* Langer, Bulletin of the American Mathematical Society, vol. 33 (1927), p. 97. 


(S1) 
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For 7=1 this is system (29). For 7=0 it is, if we set u(x, 0) =y(x), the 
differential system 


y"(x) — My(x) = 0, 
Li{y) = 0, 


(52) 


which is equivalent to the integral equation 


u(x,0) = 2? f G(x, 


We may suppose the parameters yu; ;, v;; chosen subject to previous restrictions 
so that 


(53) Mig P12 ~0,* 


and also so that the system (52) has only simple characteristic values. With 
such a choice the solutions u,,(x,0) of system (52) and the solutions 
Vm(x, 0) of the adjoint system compose a set of functions whichis biorthogonal, 
normalized and closed. We wish to show that for » otherwise suitably 
chosen in the circle C: |n|<1 the system (51) still defines a set of solutions 
Um(x, ), and that there exists an associated biorthogonal normalized set 
Um(x, 7). 

The system (51) is obtained formally from (29) by replacing f(x, £), g(x), 
¢:(x), and V,(é), i=1, 2, respectively by these functions multiplied by 7. 
This has the effect of replacing F(x, £) in chapter 3 by F(x, £), and ,(x), 
i=1, 2, by ®,(x, polynomials of the first degreein If the neighborhoods of 
a finitenumberof critical points are excluded from the circle Cand the remain- 
ing region is denoted by C’, then it can be shown that for 7 in C’ the following 
facts obtain.f 


(a) The function nF (x, possesses a reciprocal E(x, 7) which is analytic 
in n. Hence by Theorem 4 the system (51) is equivalent to an integral equa- 
tion 


(54) u(x,n) =»? f K(x,£,n)u(€,n)dé, 


in which the kernel is analytic in 7. 


* This is the condition that system (52) be regular. Cf. Birkhoff, Boundary value and expansion 
problems, these Transactions, vol. 9 (1908), p. 383. 
¢ Paper 1, §39. 
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(b) The integral equation associated with (54) is equivalent to an integro- 
differential system of the type considered in the foregoing chapters. 


(c) kis(n)kea(n) — ¥ 0, 


where k;;(7) is given by formulas (46) etc. with the formal introduction of 7 as 
noted above. 


Hence by chapters 6 and 7 the characteristic values \,,(y) exist and for m 
sufficiently large the solutions of (51) are given by formulas (50a), the func- 
tions H(x) and H(x, m) being replaced by functions H(x, ) and H(x, m, n), 
which are continuous in x and 7. 

Since the asserted facts have been established for the system (29) the 
region C’ may be chosen to include the value 7=1. Moreover, since 


his(0) — = — moore, 


from formulas (46) etc. it follows from (52) that 7 =0 may also be included 
in C’. 

29. The application of the theorem of §27. Let I’ represent now any 
closed curve connecting the points 7 =0 and 7=1 and lying entirely within 
the region C’, and let the values of » hereafter considered be restricted to 
this curve !. Using the symbol 6h(x) when h(x, 7) is any function of x and 7 
to designate the difference in the value of h for n = 4 and n = 9, i.e. 

h(x,7) h(x,n) bh(x), 
we obtain from the formulas (50a) with 7 introduced as noted under (c) 
above the relation 


mr(b — y) 
cos 


m=M m=M 


(55) 


+ 6H(x) > 
m=M 


H(y,m)bH(x,m) 


+ 
m=M 


Of the series occurring here on the right the last converges uniformly to 
a value which becomes uniformly small with |j7—7|. Each of the remaining 
series may be transformed into 2 pair of series of the form > jy (sin mz)/m. 
Such series are known to converge everywhere uniformly save in the im- 
mediate vicinity of z=0, +2, +4,---, and the sum of any number of terms 


m2 


b-a b-—a 

= mn(x — a) mn(b — y) 

m 
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is uniformly bounded. It follows* that the right hand member of (55) con- 
verges in the manner demanded by the theorem of §29, provided that 
|7—n| <6, where 6 is a positive constant chosen sufficiently small. Since 
the set {wm(x,0)}, m=0, 1, 2, ---, is known to be closed, the sub-set for 
m=M,M-+1,---, involves an M-fold lack of closure. It follows, therefore, 
first, that the lack of closure of the set {wn(x, 7)}, m=M, M+1,---, for 
|n | <6 is at most M-fold, and subsequently, after a finite number of repeated 
applications of the theorem, that the set {wm(x,1)},m=M,M-+1,---, 
involves at most an M-fold lack of closure. Clearly the same deduction for 
the set {v,(x, 1)} is possible. 

We observe now that under the conditions (vii) and (vii) the kernel of 
the normalized equation cannot be orthogonal to any continuous function.f 
If we assume also that 


(ix) all characteristic values are simple, 


then the set of solutions is biorthogonal, and since a sub-set of the charac- 
teristic functions involves only a finite lack of closure the entire set is 
closed.t Hence the sets {um(x, 1)} and {v(x, 1)} are closed and we have 
the following theorem. 


THEOREM 12. If the kernel of the normalized integral equation satisfies the 
conditions (va), (vi), (vii), (viii), and (ix) and the kernel of the associated 
equation satisfies the condition (vii), then the sets of characteristic functions 
Um(x) and Vm(x) are closed. 


30. Other characteristic values and functions. It is conceivable that the 
methods employed may not lead to the detection of all existent character- 
istic values and functions. That this is not the case, however, may be easily 
shown with the use of Theorem 12.§ 


CHAPTER 9. THE EXPANSION OF AN ARBITRARY FUNCTION 


31. The equi-convergence property. We consider now in connection 
with the given integral equation the ordinary differential system (52) with 
solutions y,,(x) and the adjoint system with solutions z,,(x). The function 
$(x, &, p) we define by the relation 


(56) o(2,£,p) = [um — 


* See paper 1, §41. 

t See the discussion in §10. 

¢ Langer, Bulletin of the American Mathematical Society, loc. cit. 
§ See paper 1, chapter 11. 
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Inasmuch as the functions 7), Um(x, 7) become ym(x), Zm(x) for 
and um(x), Um(x) for 7=1, we obtain from formulas (50a) for M a fixed 
number sufficiently large and p>M 


2. H(x,£,m) 
(56a) o(x,£,p) = o(2,£,M) + + ———» 
j=1 m=M+1 m 
where each of the functions y; is of the form 
sin m7; COS 


(57) = H(x,8) 


m=M+1 m 


and @;, w; are linear functions of x or & As previously observed in the 
discussion of formula (55) the sums in (57) can each be written as a pair of 
sums of the form }\(sin mzz)/m. It follows from the properties of series of 
this type as already noted, and from formulas (56a) and (56), that 


(58) \o(x,£, p) | <A (a constant), 
and that for any choice of the points a and 8 on the interval (a, 5) 


lim f = &(x), 


the convergence being uniform and (x) therefore being continuous on (a, b). 


To evaluate &(x) we denote by f(x) the function defined as follows: 
fa) = 
OforasSx<aandB<xb. 


Since the system (52) is regular by (53) and has only simple characteristic 
values we have 


b 
Ym(x) = F(x) ,* 


where f(x) is bounded and differs from f(x) at most in the points a, 8, a, b. 
Except in the neighborhoods of these points moreover, the convergence is 
uniform as may be seen by using formulas (50a). But 


b 8B 
f pdt = f o(x,£, p)dé, 


whence 


b 
®(x) = S(E)vm(E)dE tm(x) — F(x). 


* Birkhoff, these Transactions, vol. 9 (1908), p. 390. 
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Multiplying this relation by v(x) and integrating as we may because of the 
uniformity noted above, we obtain, since the system {u,(x), v(x)} is 
normalized and biorthogonal, the result 


b 
f @(x)v,(x)dx = 0 forall J. 
Since the set v,(x) is closed it follows that (x) =0, namely that 
B 
(59) lim, f = 0 


uniformly in x and for all a and 8 on (a, 8). 
The relations (58) and (59) are the hypotheses of a theorem by Lebesgue* 
which asserts that 


b 
lim = 0 


uniformly for any function f(x) which is summable over (a, 6). We have, 
therefore, the following theorems. 
THEOREM 13. If f(x) is any function which is summable over the interval 
(a, 8), ond if 
Pp 
m=(0 a 


Pp b 
Fils) = f ym(2) 


where Um(x), Um(x) are respectively the normalized solutions of the integral 
equation in normal form and the associated equation and y»(x), 2m(x) are 
respectively the normalized solutions of a related differential system (52) and 
its adjoint system, then 

— Fop(x)] = 0 uniformly. 


A more explicit but less inclusive formulation may be had by drawing on 
the expansion theorem of the related differential system. Thus we may state 


THEOREM 13a. If f(x) is a function which on the interval (a, b) consists of 
a finite number of pieces, each real, continuous, and with a continuous derivative 
then the expansion 


* Annales de la Faculté des Sciences de Toulouse, vol. 23 ((3), vol. 1) (1909), p. 52 and p. 68. 
t Birkhoff, loc. cit. 
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dX fem um(x) 


fora<x<bd, 

forx=a, 

bfat+)+bfb-) forx=b, 
where a1, are constants independent of f(x). 


and to 


CHAPTER 10. THE ASYMPTOTIC FORMS UNDER ALTERNATIVE HYPOTHESES 


32. The characteristic values. The form of the characteristic equation 
(45a) and hence also the forms for the characteristic values and functions 
above were obtained as a result of the hypothesis (viii). If this hypothesis 
is not met, the character of the solutions is in general quite different. This 
will be illustrated in the following discussion. 

Let us assume that the integral equation in hand is such that 


kiskes — Riskos = 0, 
(x) kun ks | his 
kor kos koe hog 
If the forms (43a) are substituted in (45) then, certain terms in the expansion 
of the resulting determinant vanish because of the first of conditions (x). 
Substituting in the remaining terms the forms (40a) we find that the 
characteristic equation is of the type 


(60) [C + ea) — 2[B + + [C+ = 0, 


where 


~ 0. 


kis kun kis his | 


kos keg eee 
If Q and 1/Q denote the roots of the quadratic 


2? ‘eas 0 
Cc 


it can be shown by the method of §22 that for |A|>W the equation (60) 
admits of just one root in the neighborhood of each of the points 
1 
pm = + logQ] (m= + M,+(M+1),---), 
(61) ‘ 
= ———[2mri — log Q]. 
b-a 
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converges to 
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We shall denote these roots respectively by \,, and \m,. Observing now that 
on the one hand —),, must be a characteristic value since the equation (7) 
involves \ only to an even power, while on the other hand pm», = —p_m, it 
becomes clear that Am,=—A-m. Hence we have the following theorem: 


__Tueorem 14. Under the hypothesis (v), (vi), and (x), and either (vii) or 
(vii), the normalized integral equation (7) admits of infinitely many character- 
istic values. For |m| sufficiently large these values are given by the formulas 


1 
dn = + log Q] + (m= +M,+(M+1),---), 


(62) 


Am; = —Xm- 


33. The characteristic functions. It is not possible in this case to choose 
the constants /; and /, to satisfy (49). Instead we may choose them so that 


Iykis + hekes = 0, hikis + hokey = 0. 


(63) 


With this choice we obtain in place of (48) the relation 
U2(Am)? Ui(\m) 9 


where 


Usd) = + + + 


Substituting in this the forms (40a) and observing that 
em = + 


we find 
(ki + €): (ke + €), 


where 


ky = (Aiki + hok21) + (Aiki + 
ke = + hokey) + (Ayki2 + 


Under condition (x) these two constants cannot vanish simultaneously. 
Inasmuch as 


ehmt = + e(m,x), 


we obtain from (40a) and (42) a form for the solutions as given in the 
following theorem: 
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THEOREM 15. Under the hypotheses (v), (vi), (vii) and (x) the character- 
istic functions of the normalized integral equation are given for |m| sufficiently 
large by an expression of the form 
(64) Um(x) = — + 
the coefficients k; and kz being constants, not both zero.* 


34. Afurthercase. It is clear that the method employed will in fact 

be applicable whenever the characteristic equation is of the form 
ler + jee + [cs + €(d)] + [cs + €(A) Jere = 0, and ¢; 0. 

The following is an example in which this holds although conditions (viii) 
and (x) both fail to be fulfilled. 

Let K(x, &) be any kernel satisfying condition (vi) and the further condi- 
tion 
(65) K(x,a) = K(x,b) = K(a,t) = K(b,t) =0. 


We shall choose the parameters p;;, vi; so that w#i1=v2=1, while the others 
all vanish. This choice is contrary to (13) but the discussion is nevertheless 
found to be valid. We obtain then K(x, §)=K(z, &), 0:(x)=0, :(x) =0, 
V(é) =0, «=1, 2, and ki: =e: =1, while the other quantities k;; are all zero. 
The equations (43) reduce to w,;=u;(a), w2;=u;(b), and the characteristic 
equation is found to be of the form (45a). Hence the characteristic values 
are given by (45b). 

In determining the characteristic functions we may choose /, =0, /, =1 to 
satisfy (63). This leads to 


= — (em? + 6): + 6), 
and with these values we find as the normalized characteristic functions 
mr(b — x) 
sin 


+ e(x,m). 


= (= 


It is clear that throughout this chapter more precise forms for the 
characteristic values and functions are obtainable by the methods used 
precisely as in $23 and §26. 


* If the kernel of the equation considered in paper 1 is written K,(x, £), the iterated kernel 
K(x,§)= % K(x, t) Ki(t, )dt is readily found to satisfy the hypotheses made concerning the equation 
discussed in the present paper. Hence the characteristic values and solutions obtained in paper 1 
must be included among those derived here. A comparison of the results shows them to be included 
here among the equations satisfying condition (x). 
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SOME THIRD-ORDER IRREGULAR 
BOUNDARY VALUE PROBLEMS* 


BY 
LEWIS E. WARD 


INTRODUCTION 


We treat here the problem of expanding functions in infinite series whose 
terms are solutions of the differential equation d*u/dx*+p*u =0 and various 
types of boundary conditions. Birkhofff has treated a general problem of 
this nature for the case in which the boundary conditions are regular, and 
Hopkinst has considered a very special case of irregularity. The first part 
of this paper is an extension of Hopkins’ work in which the distinctive 
feature of the boundary conditions is that two bear at only one point and 
the third bears at two points. In the second part of the paper is considered 
a very special case in which one boundary condition bears at one point, the 
second at another point, which is complex, and the third at both points. 
And in the third part is considered a case in which the boundary conditions 
bear symmetrically at three points, one at each point. 


Part I 


The boundary conditions are written W;(u) =0, i=1, 2, 3, where W,(u) 
is a linear homogeneous form in u(a), u’(a), u’’(a), u(b), u’(b), u’’(b) with 
constant coefficients, which we shall suppose to be real. Here a and 6 are 
taken real and positive and a<b. By linear combination among themselves 
the conditions can be reduced to the equivalent set 


+ + arou(a) + Biu’(b) + Brou(b) = 0, 
+ + azou(a) + + Boru’(b) + Boou(b) = 0, 
+ axzou(a) + Bsiu’(b) + Bsou(b) = 0. 


We shall represent by W,(u), W2(u), and W;(u) the left hand sides of these 
three equations respectively, by W;.(u) that portion of W,(u) which bears 
at a, and by W ;,(u) that portion which bears at b. 


* Presented to the Society, April 16, 1927; received by the editors in October, 1926. 
t G. D. Birkhoff, these Transactions, vol. 9 (1908), pp. 219-231 and pp. 373-395. 
t J. W. Hopkins, published by D. Jackson in these Transactions, vol. 20 (1919), p. 245, et seq. 
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The characteristic equation is A(p) =0, where 


Wily) Wily) Wilys) 
A(p) =| Wely1) Wel ys) 
Ws(y1) W3(y2) Ws(ys) 


Here 4:1, ye, and ys; are any three linearly independent solutions of the dif- 
ferential equation. We shall take 


ys = where = — 1, we = ws = 

Inserting these functions and expanding the determinant, we find 

A(p) = + + + 

where 

Aaaa = 3(w2 — ws)p*Da, 

Mew = — w2)p[— — wiDasp® — weDa2p? — wsDarp — wiDao), 

Aaa = (ws — w1)p[— w2Dasp* — wiDasp* — wsDa2p? — w2Darp — Dao), 

Avaa = (w2 — ws)p[Dasp* + Dasp® + Dare? + Dap + Dao], 

Aa = (we — ws)p[Dsap* + Dosp* + Ds2p? + Doip + Doo], 


Asad = (ws — «1)p[— — — wsDo2p? — w2Doip — wrDro], 
Awa = (wi — w2)p[— wsDesp* — — weDs2p? — wsDoip — 
Asse = 3(we — w3)p*Dp. 


In these expressions the D’s are certain real combinations of determinants 
formed from the array of coefficients in the boundary conditions. 

The regularity condition, which bears on the differential system, plays 
an important réle in boundary value and expansion problems. In the present 
case the system is regular if each of the six exponentials in A(p) is present 
and multiplied by a polynomial of degree five in p. As mentioned in the 
introduction the regular case has been treated by Birkhoff. The cases in 
which the multiplying polynomials are of degrees less than five are susceptible 
of a treatment similar to that employed by Birkhoff, and the results are 
similar to those of the regular case. They will not be considered here. 

We propose to treat some of the cases in which every D, equals zero or 
every D, equals zero. These we call the highly irregular cases. One of them 
is Hopkins’ case. For the sake of definiteness we shall take D,,=0, 
i=0, 1, 2, 3, 4. 
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The characteristic equation. Divide the p plane into six equal sectors 
defined by arg p<(/+1)2/3, /=0, 1, 2, 3, 4,5. It is only near the 
rays arg p=0, 21/3, 4/3 that we can hope to find characteristic numbers, 
for if |p| is large and p is not near one of these rays in an angular sense, some 
one of the exponential terms in A(p) will far outbalance in numerical value 
all the others. But since p appears in the differential equation only as p', 
we may restrict p to the sector —7/3< arg pS7/3. 

Consequently we need look for characteristic numbers only near the 
ray arg p=0. 

We may write 

A(p) = + e(p)], 
where 
$(p) = + 


and 


If we lay down the further restriction —7/6+6< arg p<7/3, 5 being a 
small positive constant, |e(o) | will be small for |p| large. If D,, is that Da, 
having the largest second subscript and not being zero, we have 


$(p) = (wr — w2) + (w2 — 0-2) Darp**! 
k=0 k=O 


= | + (-)| + €'(0)], 


where (1/p) means a quantity of the size of 1/p for |p| large, |e’(p) | is small 
for |p| large, and 
@; 
Here wo and ws 
We have 
= 
@; 
whose zeros are given by 
w 


log 


= lo 


This logarithm has one of the values 7i/3, —7i/3, cr wi, 7 being 0, 1, 2, 3, 
or 4. Hence the zeros of ¥(p) are real and are evenly spaced along the ray 
arg p=0. 


| 
| 
| 
j 
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We can now discuss the zeros of A(p). For we have 


1 


where |e’’(p) | is small for |p| large. Draw small circles all of the same radius 
centered at the zeros of ¥(p), and call S the portion of the sector (—7/6 
+6, 7/3) which is exterior to these circles. As the imaginary part of p 
becomes positively infinite, ¥(p)—w?,1/w; ; as the imaginary part of p becomes 
negatively infinite, ¥(p) > ; and (p) has a real period. Hence |y(p) | has 
a positive minimum y in S. Hence from (1) 


1 
| | > | (or — Ez + (-)]| 


Now let |p| be so large that |e’’(p) |<y/2. Then we have 
(2) | A(p)| > h| | , 
and this inequality is valid for p in S and |p| sufficiently large, # being in- 
dependent of p. This inequality shows that A(p) has no zeros in S for |p| 
large. 

That A(p) for large |p| does have a zero in each small circle and only one 
is seen from (1). As p travels just once around one of the circles, arg p(p) 
increases by just 27, i.e., the point ¥(p) travels just once around the origin. 
Hence the point A(p) will travel just once around the origin provided 
le’"(o) | is small enough, and hence A(p) has just one zero in the circle. 
Moreover, if |p| is large enough, the zeros of A(p) will be real. We omit the 
actual proof, which consists in showing by purely formal manipulations that 
A(p) = —A(a), dashes denoting conjugates. We denote the zeros of A(p) by 
pr, 

The characteristic functions. A form of solution of the differential 
equation and the first and third boundary conditions is 


yi(x) yo(x) ya(x) 
u(x) = Wi(y2) Wi(ys) 
(we w3)p 
Ws(y1) Walys) 
Substitution of p, for p in u(x) yields the kth characteristic function u;,(x). 
We consider the characteristic functions for the case in which 
= + + crou(a), 
(3) Wo(u) = azou’’(a) + + + Boou’’(b) + Boru’(b) + Boou(d), 
W3(u) = + asou(a), 
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the distinctive feature of which is that two of the W’s bear only at one end 
of the interval. This is a case in which every D, equals zero. Highly irregular 
cases in which at least two boundary conditions bear at both ends of the 
interval will be treated in a later paper. 

Proceeding to develop the form of the characteristic functions, we have 
u(x) = A,(p)yi(«) + A2(p) y2(x) +As(p)ys(x), where the A’s are certain quadratic 
polynomials in p. We may write 


(4) u(x) = [p(x — + — a) ] 


+ — — a)], 


where 
3 1/2 


5i(pt) = + + = ert + cos 


31/2 
52(pt) = — — = — cos ( ot), 


gil 
53(pt) = — — = — cos (= + 


These 6 functions are seen to be real if p and ¢ are real, and they satisfy the 
relations 


d d d 
= — pds(pt), = — pbi(pt), = — pbo(pt) ; 


6,(0) = 3, 6(0)=0, 6;(0) = 0, etc. 
Hence u(x) is real if both p and x are real. We may write 


u(x) = + + (ar1a30 — | 
31/2 


(S) + cos {= - — cos} 


31/2 


312 
+ - a) — — + at]. 


Necessary conditions for convergence of formal series. We state the 
following 


Lemma. [f the series 


(6) 


k=l 
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converges uniformly in some interval aSx<B, where 0<a<B<m, then 
lax | <pe-**0-9)/2, where xo is any constant less than B, and y is independent 
of k. 

Noting that at least one of the cosine terms in (5) must be present, for 
otherwise we should not have more than two boundary conditions (3), the 
proof of this lemma is the same as that of the corresponding one in Hopkins’ 


paper. 
In the series (6) we now allow x to be complex. Writing x —a =#, we have 


— a)]| < ; 


j=l 
and, calling and both being real, 


Here k is supposed to be so large that p; is known to be real. Let 4=x—a, 
and choose a number ~; less than x but greater than a. Let 4: =x,—a. Then 
th We shall have 


em PRE < epkt,/2 — hy 


All of these inequalities are satisfied if ¢ is within the triangle whose sides 
are —1,/2, E+n°3'/2=h, ie., if x is within the equilateral 
triangle centered at x=a and having one vertex at x=x,. Hence we have 
within this triangle 


3g 
|ux(x)| < and |axux(x)| < 


But the expression on the right is the general term of a convergent series 
of positive constants. Thus we have proved 


THEOREM 1. Under the hypothesis of the above lemma series (6) converges 
uniformly in the interior of the equilateral triangle centered at x =a and having 
one vertex at x=Xo, and represents therein an analytic function of the complex 
variable x. 


This theorem presents a restriction on the type of function representable 
by series (6). But there are further restrictions’ We may write 
f(x) where cx, = (1/k!)f(a). By the first of 
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(3) we have (a)+anuz Use of the differential 
equation satisfied by u(x) gives 


4+ 4,248") (a) (a) =0 (n = 0,1,2, eee ). 


Hence 

+ anft™(a) + = 0 (n = 0,1,2,---). 
Hence 
(7) + 3n)(1 + 3m) + + + = O 


(mn =0,1,2,---). 
Now write f(x) =¢:(x) +¢2(x) +¢3(x), where 


oi(x) = Con(x — o2(x) = > — 
n=0 


n=0 


and form the expression 


arabs’ (x) + (x) + = ars > Cosan(2 + 3n)(1 + 3m)(x — a) 
n=0 
+ an > Ci4an(1 + — 
n=0 
+ aio > Can(x — 
n=0 


= > + 3m)(1 + 3) coyan + + 3) + — 
n=O 


By (7) the coefficient of every power of (x—a) in this series is seen to equal 
zero. Hence 


(8’) arabs’ (x) + ands (x) + = 0. 
Similarly 
(8”) (x) + asopi(x) = 0. 


Convergence proof. The conditions of analyticity at x =a and identities 
(8) together with certain auxiliary conditions imposed on f(x) for the purpose 
of accomplishing readily the convergence proof constitute sufficient condi- 
tions that f(x) be expansible in a series of type (6). The convergence proof 
will now be given, and the theorem stated after the proof is finished. 
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We introduce a Green’s function and a contour integral equal to the sum 
I,(x) of the first m terms of the formal series arising from f(x).* Let 
yi"(s) ys"(s) 
yi(s) yes) ys (s) 
yi(s) ye(s) 

+ifx>s 
ifx<s. 


yi(x) y2(x) ya(x) 
yi(s) (5) 
yi(s) yas) yas) 


> 


g(x,s,p) = + — 


Here the definitions of the functions 2:(s) are obvious, and the reduction to 
the 6 function is straightforward. It turns out that 


zi(s) = — 


Let 
yi(x) ys(x) Sp) 
Wi(y) Wi(y2) Wi(ys) Wi(g) 
A(p)| Welye) Welys) We(g) 
Ws(y1) Waly) Walys) 
Then 


1 6 
= f 3p°G(x,s,0)f(s)ds dp, 


where 7p is an arc of a circle centered at p =0 and extending from arg p= —7/3 
to arg p=7/3. It is supposed that the radius of , is greater than |p,| but 
less than lpnst |. 

Before considering the integration we alter the form of G. Multiplying 
the first, second, and third columns of the determinant in G by 4z;(s), 
42z,(s), and 4$23(s) respectively, and adding to the fourth column, we get 


Wily.) Wily2) Wilys) 0 
A(p)| We(y1) Wely2) We(ys) 2W»(g) 
Ws(y1.) Waly2) Walys) 0 
which on being expanded gives 
1 < 2(w2 — ws)pWa(g) 


* See Birkhoff, loc. cit., p. 379 and p. 390. 
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F urther, A(p) - (we —ws)p [3p2D a— W(u) 1, so that 
2W u(x) 


if 
— Waku) uiz>s 


= — 8) 


_ 
3p°Da — 
Thus we obtain the form of contour integral with which it is convenient to 
work, namely, 


1 z 
= f bslo(x — s)]f(s)ds dp 


1 2W 20(g)u(x) 


The following six functions are introduced : 
Px(x) = — a)] — pod — a)] + — a) ], 
P(x) = — a)] — pdt [p(x — a)] + — a)], 
Ps(x) = [p(x — a)] — pd (a)d2[o(x — a)] + — a)], 


R(x) = —p f — + f — 5) 


ifx<s. 


(9) 


f — + f — 5) 


f ‘Balo(x — 


f balo(x — s)]4%(s)ds + f “balo(x — 5) 


f — s)]os*(s)ds. 


Using f(x) =¢:(x)+¢2(x)+¢;(x), and integrating by parts the term 
containing ¢,(s) twice, that containing ¢2(s) three times, and that containing 


¢3(s) four times, we find that 


z 3 3 1 
f 5s[o(x — s) ]f(s)ds = *(z) Pala) + Rx(x)}, 
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and 


bd 3 1 
3p? f 2Wor(g)f(s)ds = 2"(b) + $3"(6)} — + Ri(d) 


3 1 
+ Bau + Pal) + | 


+ Bao [={10 ~ 3(6) + Rs(d)} |. 


These results are to be substituted in (9), and the terms separated into three 
groups, one containing f(x), the second containing 3” (x) and terms involving 
the values of the ¢’s and their derivatives at x=), and the third containing 
terms involving the P’s and R’s. 

The p-integration is taken in two steps, one being an integration over yz , 
which is that part of y, on which arg p>0O, and the other an integration 
over y,”, on which arg p<0. We consider first the integration over y,. 

Since the inequality |u(x) | </|p%e*s*--®|, where / is independent of p, 
and inequality (2) are both valid on 7, , we have 


(10) < < | | 
3p*Da — War(u) A(p) h 


The exponential in the last expression has an exponent whose real part is 
negative over the entire arc y,,. For this reason the second group of terms 
arising from (9) yields in the p-integration over y,, only terms which tend 
uniformly to zero as n>, x being restricted to a closed interval interior 
to (a, b) not containing either a or b. We shall refer to terms arising from 
(9) which tend to zero in this manner as terms which can be neglected. 

The terms of group three are all put over the denominator 3p°?D,.— W2,(u), 
and it is then seen that that part of the numerator which contains D, leads 
to terms which can be neglected. The terms of the numerator containing 
P’s are 


1 
[Bzo{ Ps(x)u"(b) — p2Ps(b)u(x)} + Bal Ps(x)u’(d) + pP2(b)u(x)} 
+ Bao{ Pa(x)u(b) — Pa(b)u(z)} J. 
If in this expression we replace each P and each wu by its value in terms of the 


6 functions, the coefficients of the #’s are each seen to equal zero. Con- 
sequently we have 
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1 
(11) = + ea) 


1 f { — u"(b)Rs(x)] — Ba [ou(x)Ro(b) + u’(b)Rs(x) 
— Wae(u)] 
Boo[u(x)R3(b) — 
p*[3p°Da — | 


in which ¢,(x) stands for that portion of J,’ («) arising from the neglected 
terms. 

The coefficient of each 8 in the numerator of this integrand is to be con- 
sidered by itself. We define variable y by means of the equation 


y-a= (x p) 


In the following we also change the variables of integration by the trans- 
formations s=a+w,?(t—a). We have 


f — 5) Jor"(s)ds = DL f 


1 a 


a—w;(z—a) 


3 
= f 9) h,"(t)dt 
1 a 


3 
= bilo(x — a)Jur+ 
1 


a—w;(z—a) 
= f C+) dt. 
v 


In order to render these steps and the following ones valid we require each 
of the functions ¢;(¢) to be analytic in a circle centered at =a. Let r<b—a 
be the radius of this circle. We require the real number x to be within this 
circle. Then the complex variable y, as well as the numbers a—w;(x—a) 
will be within the circle. Hence, taking the paths of /-integration as straight 
lines, these paths will lie entirely within the circle. By steps similar to those 
above we find 


f 5s[o(x — = 52[(x — Jus + Dow? 


[October 
C 

where 

and 
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and 
f b:[o(x — s)]ds'*(s)ds = 63[0(x — a) Jus — 
a 
From these we get 


1 
(12) Rs(x) = — pdilp(x — a) Jur + 52[0(x — a) Jue — — a)Jus+ As, 
where 
(13) A3= prvi + + — 
p 


1 


The reason for breaking up R;(x) in this way is that the portion of R3(x) 
containing the wu terms does not yield in the p-integration a quantity which 
has zero for its limit as n+, but does cancel against a similar portion of 
the other part of the coefficient of the 6 under consideration. The A; portion 
of R;(x) does yield in the p-integration a quantity which has zero for its 
limit as 

We have also 


(14) Rs(b) = — — s)]o1"(s)ds + ff aloo — 


1 z 
-— f -- s)]dsi¥(s)ds + Cs, 
P va 
where 


b 
of 82[0(b — s) + f — s) 
1 7? 
f 5:[o(b — s) ]¢s'*(s)ds. 
J — s)]o:"(s)ds = 6:[0(6 — a) Jur + 


3 
f — = — a) Jus + 


J — s)] 6*(3)ds = — a) Jus — 


Hence (14) becomes 


(16) Rs(b) = — — a) Jur + 52[0(b — a) Jus — [o(6 — a) ]us + Bs + Cs, 
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where 
(17) B= - + we vie + 
1 


From (4), (12), and (16) we get for the coefficient of Bz in the numerator 
of the integrand in (11) the expression 
— a) — a)] — — a) — a)]} 
+ + — a) ]é:[0(b — a)] — di [o(x — — 
— (anaso — 1} + {53[o(x — a) = a)] 
— — a) — a)}} { + (ana30 — 10031) U2} 
+ u(x)(Bs + Cs) — u(d)As. 


(18) 


Now 
+ = f + dt, 


which is seen to equal zero provided (8”) is satisfied. For similar reasons 
12031 — — = O and 0612030 + — Me = 0. Hence 
(18) reduces to u(x)(Bs+Cs) —u(b)As. 
In exactly the same way the coefficients of Bx and (22 in the numerator 
of the integrand in (11) reduce, and we obtain 
1 +C,) —u"(b)As] 
19) If = a(x) — 
Ca) As] + Brol u(x) ( Bat Ca)—u(B)As 
— War(u)] 


1 p 
4 1 | 
B, = Lie {- poz vi, — — 
6 6 
C= f — s) + f b2[o(b— 5) 


b b 
f 83[0(b — s) ]or"(s)ds + f 81[0(b— s) ]o2’’"(s)ds 


f — s)]os'*(s)ds. 
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Consider next the portions of the integral in (19) arising from the terms 
containing A3. We see from (13) that A; itself contains nine integrals of 
the type 


a—w;(z—a) 
f 


In every one of these integrals |e*‘-® | takes on its largest value along the 
line of integration at the upper limit. For, as ¢ runs from y to a—w,(x—a), 
p(t—a) runs from — |p|(x—a) to —wie(x—a). The points in the complex 
plane representing this latter pair of numbers are at equal distances from 
the origin and the former is on the negative axis of reals. Consequently the 
real part of p(¢—a) increases steadily as ¢ runs from the lower limit of integra- 
tion to the upper. Hence, if |p +? (t) | <M, a constant, for all 7 entering 
in this discussion, we have |»;;|<2M(b—a) |e~*#(=-9 |. Hence |A3|<K |p|, 
where K is independent of p and of x. The portion of the integrand containing 
A; is 
W 2r(u) _As 
— War(u) p? 

We have seen that the first of these factors is a bounded function of p for 
|p| large and on y,/. Hence the portion of the integrand containing A; can 
be neglected. 

Consider now the remaining portion of the numerator of the integrand 
in (19). Formal reductions yield 


u(x) [B22p?B: — + B20Bs] 


3 
= — + Daze® + w*Darp? 
t=1 


1 1 
— wDaop} {5:[o(x — a) — — —a)]vs}, 


and show that u(x) [B22p?C1 —B2pC2+6e0C;] equals a sum of five products of 
which the ith is of the form 


b 
a)] f 5x [p(b — s) 
p z 


b 
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j, k, | having the values 1, 2, 3 in various orders in these terms. Hence 


| u(x) — BopBz + B2oBs] | 


3 
t=1 


<K| | ‘ 
where K is independent of p and of x. Also 
| u(x) [Be2p°C1 — BapC2 + BooCs] | < K’| | 


K’ being independent of p and of x. Hence the portion of the integrand in 
(19) containing the B and C terms is less in numerical value than some 
constant divided by |p?|, and can be neglected. This leaves I,! (x) =4f(x) 
+e,(x), where e,(x) tends uniformly to zero as a limit when n>. 

The portion of 7,(x) arising from integration over the arc 7,’ is treated 
in a fashion quite similar to the above treatment of J,/ (x) and with similar 
results. We omit the consideration of it, and state immediately 


TueorEM 2. If the boundary conditions can be written in the form (3) 
with at least one D, not zero ; if f(x) =¢:(x) +¢2(x) +¢s(x), where oi(x) 
+(x—a)*, = a(x) are power 
series convergent in and on the boundary of a circle centered at x=a and of 
radius r<b—a which satisfy the identities (x) + and? (x) + =0, 
(x) + asohi(x) =0 ; and if also (x), (x), are continuous for 
real values of x from a to b, then the formal series for f(x) of type (6) converges 
uniformly to f(x) along the segment of the real axis from a to a+r. 

From Theorem 1 it follows as a corollary to Theorem 2 that the formal 
series will converge uniformly to f(x) in the equilateral triangle whose center 
is at x =a and one vertex of which is at x=a+r. 

We come next to the case in which two of the boundary — bear 
only at x=b. We do no more than state the results. Let the boundary con- 
ditions be written in the form 


Bisu"(b) + Buw’(d) + Biou(d) = 0, 
+ + + Boou"(b) + Boie’(b) + Boou(d) = 0, 
Bosu’(b) + Bsou(b) = 0. 


The characteristic numbers are found to lie along the rays arg p = 7/3, 
a, 5r/3. We restrict p to the sector 27/3 < arg p<4m/3, using the 
characteristic numbers along the ray arg p=7. 
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On the assumption of uniform convergence of }.°b,u,(x) in an interval 
a<x<6, where a<a<8<b, we obtain a restriction on the },’s which is of 
sufficient strength to allow us to show that the series converges uniformly in 
the equilateral triangle centered at x =6 and having one vertex at x=a. A 
formal property of the characteristic functions then shows that the series 
necessarily represents a function of the form f(x) =¢:(«) +¢2(x) +(x), where 


oi(x) = — b)*, $2(x) = 
0 0 


Gaz) = — 
0 


each @ being analytic in the triangle, and that the ¢’s must satisfy the 
identities 
+ Budd (x) + Biodi(x) = 0, Bards (x) + Baodi(x) = 0. 


If we now take a function f(x) satisfying the above conditions and in addition 
such that /’ (x), 62’ (x), and ¢3'"(x) are continuous from a to 6, the formal 
series for f(x) of type >-Pb.ux(x) will converge uniformly to f(x) in the 
interval (b—r, b), r being the radius of the circle in which the ¢’s are assumed 
to be analytic. 


Part II 


We have made reference to a very special case treated by Hopkins in 
which the boundary conditions can be written u(0)=w’(0)=u(r)=0. The 
characteristic functions in this case are 2,---, and 
they satisfy the functional equations u.(—wsx) 
= —weu,(x). Hence u;,(— wer) =u.(—wsr) =0. Also, denoting differentiations 
with respect to by accents, ué’(—w3x) =u’ (x). Hence uj’ (—wsr) =0. 
From these we select 


(20) u(r) = u(—wsr) = 0, = u"(— war), 


which we shall take as boundary conditions. They will be seen to lead to a 
larger class of characteristic functions than Hopkins’, but one which includes 
his. 

Use of the first two of (20) gives 


at least to a factor independent of x. The characteristic equation is 
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eur 


A(p) = evr 


(22) = (ws — w1)pb3(pr)53(— pr) = 0. 


The fact that the characteristic equation factors in the particular way in- 
dicated here is what suggested the choice of boundary conditions under 
consideration. This choice, of course, is only one of many that might be 
made. The factor 43;(o7) of (22) has for its zeros precisely Hopkins’ charac- 
teristic numbers, which we denote by pu. The other factor 6;(—p7) has the 
negatives of the numbers py, for its zeros; we denote these by px, and write 
Prk = — Pik- 
We have 


EP — — = 0, 


and 

the first being Hopkins’ characteristic equation, and the second being ob- 

tained by multiplying the first by —w: and rearranging the terms. From 

these two equations we get 


1: — wet — ws = — — C24 — 


Consequently if in (21) we replace p by py. and remove the proper factor 
independent of x, we get what we shall take as one set of characteristic func- 
tions, namely (x) =63(pux). These are Hopkins’ characteristic functions. 
If we transform by means of the transformation 


(23) x’ =wr— x 


to the point wm as a new origin, we find by steps similar to those above that 
the rest of our characteristic functions are given by tx(x) =63(pux’) = 


(wer — 2x) ]. 


From Part I we know that if the series 
(24) Dax x) 
1 


converges uniformly in some segment of the axis of reals from 0 to 7, it 
represents a function analytic in x and of the form x°(x*), $(x*) being a 
convergent power series in x’, and that the series also converges uniformly in 
an equilateral triangle centered at x=0 and having one vertex on the axis 
of reals between 0 and 7. Noting that the transformation (23) consists of 
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a parallel shift x’’=x—w,m followed by a rotation through 180°, x’=—2x’’, 
we see that if a series 


(25) x(x) 


converges uniformly in some segment of the straight line between w.r 
and it represents a function of the form (w.r—x)? ¥[(wer—x)8], 
where ¥[(wsr —x)*] is a convergent power series in (w27—x)’, and the series 
also converges uniformly in an equilateral triangle centered at x=w.7r 
and having one vertex on the segment from w.r to —w,7. If the triangle cen- 
tered at x=0, which we call triangle I, and the triangle centered at x=w.7, 
which we call triangle II, are so large as to have one side in common, it is 
conceivable that on this common side a series of the type 


(26) > + | 


may represent functions of a wider class than those represented by either 
series (24) or (25) individually or than a linear combination of functions 
representable by series (24) and (25). 

Let, therefore, triangles I and II be so large that they have a common 
side C, which will be the segment from 7 to —w;7. Putting f(x) equal to 
series (26), how shall we determine formally the a’s? To answer this question 
we proceed to a definition of adjoints. 

Write L(u) =u'" +p*u and M(v) = —v’’’+p*v. Then 


f [oL(u) — uM(v)|dx = f — uo!” |dx = — + 
c c 


If we require that u(x)=u(—wsr)=0, and v'(r)= 
v'(—w37) =0, =v(—wsr), we have 


f [vL(u) — uM(v)]dx = 0. 
c 


If we require also that u satisfy L(u) =0, u will be a characteristic function 
u1;(X) OF Uei(x). The functions »v satisfying the above conditions at 7 and 
—w;m and also the differential equation M(v) =0 we define as the adjoints 
of the u characteristic functions. Mere formal manipulations suffice to show 
that the characteristic numbers for the v differential system are the same as 
those for the u system. Adopting an obvious notation for the v characteristic 
functions, we have 
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f [v2 jL-(11;) (v2;) ]dx = 0. 
c 


f — |dx = (ps — ph) mands. 
Cc 


Hence 


f U, jV2;dx = 0 for all i and j ; and similarly 
= 0 for all i and j, 
f =0 if i~7, and 
c 


ff =0 if 
c 


All integrations over C are to be made from —w;7 to 7. The functions 
are found to be given by 24(x) = 6: [p1.(w27 —x)] and v(x) =8:(oux), except 
possibly for factors independent of x, of which we take no account. The 
relations (27) enable us to determine formally values for the a’s in series (26). 

We proceed to study series (26) under the hypothesis that it converges 
uniformly in some segment of C. Writing x=&+(m—£)i/3"2, which yields 
x on the line of C if — is real, we have 


(28) u(x) = cos 


_ (9/2) 
[ cos( 3 31/2 2+ 31 


[ cos (= + 3a 


3 31/2 |’ 
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(29) pee 


[cos(= 2-312 gin) (= + 2-312 


Here we have used p; to stand for px, and we suppose not only that 
—1/2<é<z7, so that x will be on C, but also that £ is so restricted that x 
is within the range of assumed uniform convergence of (26). 

Take & so large that there will be a value ~’ of & in its restricted range 


such that 
( 
cos{ — +—— — ——} = 
3. 2031/2 ase 
If x’ is the value of x which corresponds to £’, we find 


= + and = 1+ Exel, 


where Ey, and E,, both can be made as small numerically as desired by taking 
k sufficiently large. Consequently 


(30) aix(we + + 1 + Eau) = x’) + 


If k is large enough, we can repeat the work of this paragraph with another 
value ¢” of £, such that 


cos(= + Zork" )- 1, 


and if x”’ is the corresponding value of x, we shall obtain 


(30’) 1 + + + Exe) = + 


Equations (30) and (30’) are to be solved as non-homogeneous linear equa- 
tions for the a4 and a which appear in their left hand members. If the 
solution is made in the usual way by determinants, we find ay given by a 
quotient of two determinants times e~**/?, The determinant in the de- 
nominator of this quotient is seen to have a numerical value greater than 
some positive constant, while the determinant in the numerator is less 
numerically than some positive constant, since |ayt(x)+@exw(x)|<g, 
where g is independent of both x and k, holds for both x=’ and x=x”. 
Similar remarks are valid for the solution for a. Thus we have proved the 
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Lemma. [If series (26) converges uniformly in some segment of C, then 
and |aox| hy and he being independent of k. 


From this lemma we may prove the following theorem by the method 
of reasoning used in the work immediately following the lemma of Part I. 


THEOREM 1. I[f series (26) converges uniformly in some segment of C, then 
series (24) converges uniformly in the interior of triangle I and represents a 
function analytic in x and of the form x*(x*), and series (25) converges uni- 
formly in the interior of triangle II and represents a function analytic in x 
and of the form (wer —x)*p[(wer —x)*]. 

Let us now write purely formally [auwu(x) 
and determine the a’s by means of relations (27). We shall suppose that 
f(x) is continuous together with its first two derivatives on the closed segment 
C. We find 


and 


Carrying out the integrations appearing on the right hand sides of these 
equations explicitly, we find 


c c 
Also, making two integrations by parts, 
1 
= — + f(— oor) 


+ 53[ px(wor — x) f"(x)dx, 
and 


1 
+ pax) f"(2)dx. 


We may, therefore, write 
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waf(m) + f(— | 52(pxm) 
(ws — we) pxds(— px) 
1 
+ f bs[ox(wer — 2) ]f"(x)dz, 
c 


(we — ws)rp253(— per) 


Gik 


(ws — pxb3(— pet) 
1 
dx. 
f f"(x)dx 


(we — ws)rp?53(— px) 


We now insert these expressions for the a’s into series (24) and (25), 
and test these for convergence on C. Before actually doing this, however, 
we investigate the sizes of a4, and a. Consider the integral in (31’). It 
contains in its integrand the sum of three exponentials, no one of which at 
any point of C exceeds e***/? in numerical value. Hence 


53[ox(wor x) ]f’ (x)dx | < 
M being independent of k. Also 
1 
per) + e(04)], 


where e(p;) has the limit zero as kR->~. Hence the term of (31’) which con- 
tains the C integral can be written (1/p,2)e-**/? M(px), where M(px) is 
bounded for & large. Now 


[ 2 2 5) 


53(— 


Hence (31’) can be written 


2 3 


(35) ay, = 


(we — ws) pe 


where M’(p,) is bounded for & large. 


| / 
1927] 737 
and 
/ 
+ 
M"(px) 
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But from (28) we have on C 


+ isin(= + + |, 


where ¢,() tends to zero uniformly as an exponential function when k-0 
if x is restricted to a closed interval on C which does not include the end 
points of C. From (35) and (36) it is clear that series (24) will converge 
uniformly on those segments of C on which 


cos ( =) cos (= + - and 

1 


— cos ——)sin{—+ 

Pk 


2 3 3 31/2 2232 


both converge uniformly. From the equation whose roots are p, we get 


312 1 1/2 1 
cos ( - *) = (— 1)* - — 
2 3 2 4 + 


It is clear, therefore, that both series (37) will converge uniformly on those 
segments of C on which 


= (— 1)* 2 (—1)* 
~ 


both converge uniformly. Since p,=(1/3"/*)(1/3+2k)+e, where «& is 
given by 


sin 
2 2 


we see by simple reductions that these series will converge uniformly on 
those segments of C on which 


— 1)* 
) 


Pk 
both converge uniformly. However, these series are known to converge 
uniformly except possibly in neighborhoods of the points s=2/r and 
s=(2/—1)x.* These exceptional points correspond on C only to the end 


(— 
Pk 


1 
cosks and )> sin ks, s= he — 7), 
1 


* Bécher, Introduction to the theory of Fourier series, Annals of Mathematics, (2), vol. 7 (1906), 
p. 111. 
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and mid-points. Similar considerations are valid for a2, and u(x) on C, 
the work being based on (32’) and (29). We may, therefore, state 


THEOREM 2. If f(x) is continuous together with its first two derivatives, and 
if dy, and dx are given by (31’) and (32’), then series (24), (25), and also (26) 
converge uniformly in all closed intervals of C not containing the end or mid- 
points of C. 


If series (26) converges uniformly on C, and f(x), the function to which it 
converges, has a continuous second derivative on C, then the determinations 
(31’) and (32’) of ay and ax will be valid. Hence series (24) and (25) will 
both converge uniformly in all closed intervals of C not containing the end 
or mid-points of C, and will represent on these intervals continuous functions 
of x. Referring to Theorem 1, we see that we may now state 


THEOREM 3. If series (26) converges uniformly on C to a function which has 
a continuous second derivative on C, then series (24) and (25) both converge 
uniformly in all closed intervals of C not containing the end or mid-points of C, 
series (24) converges uniformly in triangle I to an analytic function of x of the 
form x*p(x*), and series (25) converges uniformly in triangle II to an analytic 
function of x of the form (wor —x)*p|(wer —x)?]. 


We see, therefore, that under the hypotheses of this theorem, series (26) 
must represent on C a function which is capable of being written in the form 


(38) + (wer — — 


on C, where ¢(x°) is an analytic function of x in triangle I and y[(w2r—x)*] 
an analytic function of x in triangle II, both being of the forms indicated. 

Let us now begin with a function f(x) of the form (38) on C and such that 
¢(x*) and [(wer—x)*] both have continuous second derivatives on C. Will 
the series (26) with coefficients given by (31) and (32) converge to f(x) on 
C? Let us write x°6(x*) auwu(x). It is known that if 


= — x)|dx + — «)]dzx, 


then this series will converge uniformly to x*$(x*) along a certain segment 
of the real axis between 0 and 7.* We shall prove that a, thus given equals 
a as given by (31). To this end we need only prove that 


* Hopkins, loc. cit. 
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c 0 


But 


f — x) ]dx = 
0 
Hence, in view of (33), we need only prove 


(39) f f(x) = (we — w3)53(— per) f — x)]dx. 
0 
But 


= { + (wer — — x)*]} 5: — x) ]dx 


= — x) |dx, 


since (w2r —x)*y[(wer —x)*] —x) |dx is the differential of a single- 
valued function of (w2r—x)*. Also 


0 


by Cauchy’s integral theorem together with a change of integration variable. 
Hence to establish (39) we need merely prove 


{51 — x)] — + wx) ]} 
= (we — ws)3(— — x)], 


the truth of which is readily established by use of the equation defining the 
numbers px. 

But with ay, as given by (31) we know that series (24) converges uniformly 
along C except possibly at the end and mid-points. In view of the above it 
follows that (24) converges uniformly to x*o(x*) on C except possibly near 
the end and mid-points. In a similar way we may show that with ax, as 
given by (32), series (25) will converge uniformly to (wer —x)? y[(w:r —x)*] 
on C except possibly near the end and mid-points. We may, therefore, state 


| 
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TueoreM 4. If f(x) p[(wer—x)*] on C, where 
(x*) is continuous together with its first two derivatives on C and analytic in x 
and of the form indicated in triangle I, and where ¥[(w2x—x)*] is continuous 
together with its first two derivatives on C and analytic in x and of the form 
indicated in triangle II, then the series (26) with the formal determinations of 
the coefficients will converge uniformly to f(x) on all closed intervals of C not 
containing an end or mid-point of C. 


Part III 


The type of expansion considered in Part II is one of a class in which the 
characteristic functionsare determined by the differential equation +p'«=0 
and three boundary conditions imposed at two of the points 7, —wez, 
—ws;r. We shall not consider this type further, but take instead a case in 
which the boundary conditions bear in a symmetric fashion at these three 
points. We take u(x) =u(—wsr) =0. 

Here the characteristic equation is 


Simple reductions give 
(40) A(p) = 3 — — — = — 


Accordingly, the characteristic numbers fall into three sets, all distributed 
along the positive axis of reals, and determined respectively by the equations 


5i(pr) = 0, 5e(pr) = 0, 53(or) = 0. 


They are given respectively by 


1 1/5 
Pu = + 2k) + en, px = 2k) + 


(41) 


1/1 
= + 24) + €3x, 


where €,, tends to zero as a limit when k->~, i being 1, 2, or 3. 
Use of the conditions u(x) =u(—w.7) =0 gives 


(42) u(x) = — + — 
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except possibly for a factor independent of x. The characteristic numbers 
pu satisfy the following pair of equations; the second is obtained from the 
first by a rearrangement of terms: 


+ + = 0, 


+ + curr = 0, 
Hence 


Thus we obtain from (42) for one set of characteristic functions (x) = 6:(pu.2), 
a suitable factor independent of x having been divided out of the right hand 
side of (42). Similarly we obtain from (42) and the equations for the other 
sets of characteristic numbers u(x) = 52(p2.%) and = 53(p3.%). 

We have thus three sets of characteristic functions; each set consists of 
the complete set of characteristic functions of an expansion problem of 
the type considered in Part I. Let f(x) be a function analytic in x at x=0. 
We may write f(x) =¢:(x*) +x¢2(x*) +2%¢3(x*), each ¢ standing for a con- 
vergent power series in x*. If each ¢ satisfies certain continuity conditions 
from 0 to 7, Theorem 2 of Part I tells us that x‘! ¢;(x*) may be expanded 
in a series of type 


(43) > (i = 1,2,3). 


We may, therefore, state 


THEOREM 1. Subject to the continuity conditions on the interval (0, 7) 
of Theorem 2, Part 1, any analytic function of x may be expanded in a series 
of the type 


(44) + + 


and the series will converge uniformly to the function in the interior of an equi- 
lateral triangle centered at x=0 and having one vertex on the segment from 0 
to 


The following theorem, which we will now prove, states essentially that 
a series of type (44) necessarily represents a function which is analytic in x. 


THEOREM 2. If series (44) converges uniformly in an interval (a, 8), 
Osa<B<7, each of the three series (43) converges uniformly in the interior 
of an equilateral triangle centered at x=0 and having one vertex in the interior 
of the interval (a, 8). 
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Let 21%, %2%, Xs: be three values of x in (a, 8), & being fixed, such that 
uiz(%%) =0,i=1, 2,3. It is clear that if & is sufficiently large, three such values 
of x will exist. Then, calling 


we have 


Xen) = Xeon) + 


Un( = + (Xx). 


A= | O |, 


0 
we get 


(45) ay, = — | O |, 
0 


with similar formulas for ax and a3. We shall use these expressions to de- 
termine the sizes of the a’s. 
We have 


312 


But from (41) 


312 
cos )= cos| = + 2 — 


Also, from 12(x2.) =0, we get 


1 
cos ( + = —e~ 2, 


2 2 


1 1/2 
sn ( + = (1 
We may choose the positive sign before the radical by selecting x2 properly. 
Hence 
( ) _ =) 4 
cos 2 PirXon | = sin 3 3 €, 


where ¢ is a symbol which we shall use for any quantity which can be made 
as small numerically as desired by taking & large enough. Hence 


| 

Calling 

whence 
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= — 2 sin( = - + ‘|. 
In a similar way we find 


( = 2 sin (= + 
Uon(X3x) = — 2 sin( = =) + ‘|, 


= 2 sin (= | 


= 2 sin(= =) + ‘|. 


Hence 


X3k 


+ 2 sin( = ——)+ 
3 3 


By means of obvious transformations this can be written 


A = 16sin 3 sin 3 sin (Prk Pak /2 


T 
1k) +0 2k (2 Zan) +P cos 


T— & 
cos = +e 
3 
Now 


— + — Xen) + — 


= (2x3, — — Xen) +e, 


IRREGULAR BOUNDARY VALUE PROBLEMS 


and 


— Xin) + — + — 


= + — 2x28) 
We will make 2%3,—2.—%2 by taking To 
secure this we divide (a, 8) into three pieces, each a closed interval and each 
separated from the others by some small fixed amount. We require xy 
to be chosen from the left hand one of these subintervals, and x» and 23 
from the other two. This renders the inequalities true. We will denote these 
three subintervals by I, II, and III in order from left to right. Evidently 
cos ((r—x3,)/3) and cos ((7—x2)/3) are both positive. We require that x2 
and x3, be chosen from intervals II and III respectively. This assures us that 
cos ((7—23x)/3) >cos ((7—x2x)/3). It is now clear, if & is large enough, that 


(46) | A| > he 
where h is independent of k. 


Returning to (45) we have for the determinant there written out ex- 
plicitly, which we shall call NV, 


On account of the assumed uniform convergence of series (44), |10n(20sx) | 


is less than some number which is independent of &. Further, 
| | < | | < 
| | < | | < 
the same g, which is independent of k, serving in all cases. Hence 
| Xan) X12) | < gre (ak? /2 < pe Pret /2 
| U3x( Xen) | < gre ik) /2 < pe 
| won xox) | < gre < 
uw being independent of k. These inequalities in conjunction with (46) 
yield |ay,| where is independent of k. 
In a similar way we find |ao.| and Moreover 
it is clear that by taking & sufficiently large we may choose x, so that B—*u 
is less than a preassigned positive constant. The theorem now follows by 


an argument like that used following the lemma of Part I. Evidently the 
triangle of this theorem may have one vertex as near to f as is desired. 


oF Iowa, 
Iowa City, Iowa 
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CONCERNING POINT SETS WHICH CAN BE 
MADE CONNECTED BY THE ADDITION 
OF A SIMPLE CONTINUOUS ARC* 


BY 
GORDON T. WHYBURN 


In their paper On the most general plane closed point set through which it 
is possible to pass a simple continuous arc, R. L. Moore and J. R. Klinet 
prove that it is possible to pass a simple continuous arc through every closed 
and bounded set M having the property that every closed and connected 
subset of M is either a single point or an arc ¢ such that no point of ¢, with the 
exception of its end points, is a limit point of M—?. It is clear, however, 
that in order that a simple continuous arc may be drawn in such a way as 
to contain at least one point of every maximal connected subset of a point 
set M, it is not necessary that the set M be of the particular type satisfying 
their theorem. In this paper I shall make a study of certain conditions which 
a point set must satisfy in order that a simple continuous arc or an open 
curve may be drawn in such a way that the set in question plus that arc or 
curve will be connected. 


Lemma I. If M is any closed and bounded point set, then there exists a 
countable number of arcs ty, te, ts, --- , such that for every positive integer n, t, 
contains at least one point of every maximal connected subset of M which is 
of diameter greater than 1/n. 


Let m denote any definite positive integer. Since M is bounded, there 
exists a square S which encloses M ; S plus its interior can be divided by a 
finite number of straight lines parallel and perpendicular to the bases of S 
into a finite number of squares plus their interiors in such a way that the 
diameter of each of these squares is less than 1/n and such that the interiors 
of no two of them have a point in common. Let G denote this finite set of 
squares (not including their interiors), and let T denote the point set obtained 
by adding together all the point sets of the set G. Then since the interior of 
every square of the set G is of diameter less than 1/n, every maximal connected 
subset of M which is of diameter greater than 1/n must contain at least one 
point in common with T. Let F denote the set of all points common to M 
and JT. From each maximal connected subset Y of F select exactly one point 

* Presented to the Society, April 2, 1926; received by the editors in aot, 1 1926. 

t Annals of Mathematics, (2), vol. 20 (1919), pp. 218-223. 

746 


SETS WHICH CAN BE MADE CONNECTED 747 


X ; and let P denote the set of all such points (X) thus selected. Then since 
F is closed and has no continuum of condensation, it follows that P is a 
closed and totally disconnected point set.* It follows, then, from the above 
mentioned theorem of Moore and Klinef that P is a subset of a simple 
continuous arc ¢,. Clearly /, contains at ieast one point of every maximal 
connected subset of M which is of diameter greater than 1/n. 


THEOREM 1. Jf M is a closed and bounded point set, a necessary and 
sufficient condition that there should exist a simple continuous arc which contains 
at least one poini of every maximal connected subset of M is that for every con- 
tinuum K of M which consists of more than one point there should exist a 
positive number €, such that K is not the lisniting set of any collection of maximal 
connected subsets of M each of diameter less than €,. 


(I). The condition is sufficient. For since M satisfies the conditions of 
Lemma I, there exists a countable set of arcs h, fe, ts, - - - , having the same 
property with respect to M that the corresponding set of arcs in Lemma I 
has with respect to the set M of Lemma I. Let K, denote the set of points 
common to ¢, and M ; let Kz denote the set common to é# and to those maximal 
connected subsets of M which have no point in 4,; Ks; the set common to é 
and to those maximal connected subsets of M which have no point in +h; 
in general, let K, denote the set of points common to /, and to those maximal 
connected subsets of M which have no point in h+h+ht+h+ -- +> +a. 
Let K denote the point set KitKe2+K3;+K.+ ---. I will proceed to show 
that K contains no continuum of condensation. Suppose, on the contrary, 
that K contains a continuum of condensation H. Then H is also a continuum 
of condensation of M ; and by hypothesis there exists a positive number ez 
such that H is not the limiting set of any set of maximal connected subsets 
of M each of diameter less than ey. Now the elements of K have been so 
selected that for any given positive number, say ey, there exists a positive 
number 6(e7) such that for every integer n>4(ex), K, contains points of 
only those maximal connected subsets of M which are of diameter less than 
ex. Let i denote an integer greater than 6(ez). Then >>,-.+1 K, contains points 
of only those maximal connected subsets of M which are of diameter less 
than ez. It follows that not every point of H is a limit point of ot-it: Kn. 
Let G denote the collection of point sets Ki, Ke, Ks,---, K;. Let 


n=i 


A= > Kn, andlet B= >> Ky. 
n=1 


n=i+l 


* In this paper wherever a symbol X is used to denote a point set, the symbol X will be used to 
denote the set X plus all those points which are limit points of X. 
¢ R. L. Moore and J. R. Kline, loc. cit. 
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Then K=A+B. Let P denote a point of H which is not a limit point of B; 
and let C be a circle enclosing P and not enclosing or containing any point 
whatever of B. From a theorem due to Janiszewski,* it follows that C 
plus its interior contains a subcontinuum D of H. Then D is a subset of the 
closed set A. Let K, and K, denote any two elements of G, K. denoting the 
one of lower subscript. I will show that K, and K, have at most a closed and 
totally disconnected set in common. Suppose, on the contrary, that K. 
and K, have in common a continuum ¢ which consists of more than one point. 
Then ¢ is a subset both of ¢, and of ¢, ; hence ¢is an arc. Let Z and F denote 
the end points of ¢. Since / is a subset of ¢., and since ¢, precedes ¢,, then no 
point of ¢ can belong to Ky. And since no point of ¢ except the points E 
and F can be a limit point of ¢,—¢, then no points of ¢ except E and F can 
belong to Ky. But by supposition, ¢ is a subset of Ky. It follows that Ka. 
and K, have at most a closed and totally disconnected set in common. Let 
U denote the set of all points (X) of A such that for some two elements 
K, and K, of G, X is common to K, and Ky. Since U is the sum of a finite 
number of closed and totally disconnected point sets, U itself must be closed 
and totally disconnected. Hence D, a continuum consisting of more than one 
point, cannot be a subset of U. Therefore, there exists a point P of D such 
that for some element K, of G, P belongs to K, and is not a limit point of 
A-—K,. It follows from the above mentioned theorem of Janiszewski’st 
that K, contains a continuum / of D such that no point of / is a limit point 
of A—K,. But /is a subset of ¢,. Hence / is an arc, and no points of / except 
its end points can be limit points of K,—/. Hence if O is an interior point of 
1, O is not a limit point of K—/. But /, by supposition, belongs to H, a con- 
tinuum of condensation of K. Thus the supposition that K contains a con- 
tinuum of condensation leads to a contradiction. 

Now from each maximal connected subset Y of K let us select exactly 
one point X. Let N denote the set of all the points (X) thus selected. Since 
K contains no continuum of condensation, it readily follows that W is a closed 
and totally disconnected set. It is clear that WV contains at least one point 
of every maximal connected subset of M which is of diameter greater than 0. 
Let Q denote the set of all those maximal connected subsets of M which 
have no point in common with V. Then since every maximal connected 
subset of Q is a single point, it follows from our hypothesis that Q is a closed 
and totally disconnected point set. Let R denote the point set V+(Q. 


* Sur les continus irr éductibles entre deux points, Journal de l’Ecole Polytechnique, (2), vol. 16 
(1912), p. 109. 
T Loc. cit. 
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Clearly R is closed and totally disconnected ; accordingly, there exists a 
simple continuous arc J» which contains R; T» contains at least one point 
of every maximal connected subset of M. 

(II). The condition is also necessary. Suppose, on the contrary, that 
there exists a closed and bounded point set M and a simple continuous arc 
T such that T contains at least one point of every maximal connected subset 
of M, but such that M does not satisfy the condition of Theorem 1. Then M 
contains some continuum K consisting of more than one point and such that 
for every positive number e, K is the limiting set of a set of maximal con- 
nected subsets of M each of diameter less than ¢. I will show that every 
point of K must be a limit point of T—K - 7. For suppose K contains a point 
P which is notalimit pointof T—K -T. LetCbe acircle having P ascenterand 
not enclosing any point of T—K - T and of radius less than } of the diameterof 
K. Let r denote the radius of C. By hypothesis there exists a set L of maximal 
connected subsets of M each of which is of diameter less than 37 such that 
K is the limiting set of L. Since P belongs to K, there exists an element 
g of L which contains a point whose distance from P is less than }r ; and since 
g is of diameter less than 37, g must lie wholly within C. But g must contain 
at least one point Q of T. Now since K is of diameter = 37, K cannot be an 
element of L. Hence Q does not belong to K, and therefore must belong to 
T-—K-T. But Q lies within C, and C, by supposition, encloses no point of 
T-—K -T. It follows, then, that every point of K isa limit point of T—K - T. 
It is easily seen that K must be a subset of 7; and since K is closed and 
connected and consists of more than one point, K must be an arc. And if O 
denotes an interior point of K, then O is not a limit point of T—K. But 
we have just shown that every point of K is a limit point of T—K. Thus 
the hypothesis that the condition of Theorem 1 is not necessary leads to 
a contradiction, and the theorem is proved. 


Definition. A point set M will be said to satisfy Condition L provided 
it is true that if K is any continuum whatever consisting of more than a 
single point, then there exists a positive number ex such that K is not a 
subset of the limiting set of any collection of maximal connected subsets of 
M each of diameter less than ex. 


THEOREM 2. If M is any closed point set, then in order that there should 
exist a simple continuous arc which contains at least one point of every maximal 
connected subset of M it is necessary and sufficient (1) that there should exist a 
bounded portion of the plane which contains at least one point of every maximal 
connected subset of M, and (2) that M should satisfy Condition L. 


| 
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It follows by an argument similar to part (II) of the proof of Theorem 
1 that the conditions are necessary. I will proceed to show that they are suffi- 
cient. By hypothesis it follows that there exists a circle C such that C plus 
its interior contains at least one point of every maximal connected subset of 
M. Let R denote the interior of C, and let N denote the set of points common 
to M and to R+C. It readily follows that N satisfies Condition L ; and since 
N is closed and bounded, it follows from Theorem 1 that there exists an arc 
T which contains at least one point of every maximal connected subset of 
N. But every maximal connected subset of N belongs to a single maximal 
connected subset of M, and each maximal connected subset of M contains 
at least one maximal connected subset of NV. If follows, then, that T contains 
at least one point of every maximal connected subset of M. 


THEOREM 3. If M is a closed point set which satisfies conditions (1) and (2) 
of Theorem 2, and if K is a closed and bounded subset of M having the property 
that every subcontinuum of K is either a single point or an arc t such that no 
point of t, with the exception of its end points, is a limit point of M —t, then there 
exists an arc T which contains K and which contains at least one point of every 
maximal connected subset of M. 


By an argument almost identical with part (I) of the proof of Theorem 1, 
it follows that there exists a closed, bounded, and totally disconnected 
point set R which contains at least one point of every maximal connected 
subset of M. Let N denote the point set K+R. Then clearly WN satisfies 
all the conditions of the above mentioned theorem of Moore and Kline.* 
Accordingly, there exists a simple continuous arc T which contains N ; 
T, then, contains K and also contains at least one point of every maximal 
connected subset of M. 

It is interesting to note that Theorem 3 is a generalization of Moore and 
Kline’s theorem. It reduces to their theorem in case K=M. 


THEOREM 4. If Misabounded point set such that the totality of all those 
limit points of M which do not belong to M is a closed set, then in order that there 
should exist a simple continuous arc which contains at least one point of every 
maximal connected subset of M itis necessary and sufficient that M should satisfy 
Condition L. 


That the condition is necessary follows by an argument identical with 
part (II) of the proof of Theorem 1. I shall show that the condition is suffi- 
cient. Let M’ denote the totality of all those limit points of M which M 


* Loc. cit. 
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does not contain. For any definite positive integer m, let the sets S, G, T, F, 
and P be selected exactly as was done in the proof of Lemma I. Then P 
is totally disconnected. For suppose P contains a continuum A consisting 
of more than a single point. Then every point of H is a limit point of a set 
of points of P which belong to H. And since M’ is closed, it readily follows 
from Janiszewski’s theorem mentioned above that H contains a continuum 
D which consists of more than one point and which is a subset of M. Since 
D is a subset of a finite number of arcs, then D must contain at least one 
arc ¢ such that only the end points of ¢ are limit points of T--¢. But since ¢ 
belongs to only one maximal connected subset of F, then P contains only one 
point at most of ¢. And since only the end points of ¢ can be limit points of P, 
P can contain at most three points of ¢. Thus the supposition that P is 
not totally disconnected leads to a contradiction. It follows, then, that there 
exists a simple continuous arc ¢, which contains P, and therefore contains at 
least one point of every maximal connected subset of M which is of diameter 
greater than 1/n. Hence, there exists a countable set of arcs hi, te, ts,---, 
such that for every positive integer m, /, contains at least one point of every 
maxima! connected subset of M of diameter greater than 1/n. 

Now let the sets Ki, Ke, Kz3,---,K, N, and R be selected exactly as in 
the proof of Theorem 1. It can then be shown that R is totally disconnected. 
For suppose R contains a continuum H consisting of more than one point. 
Then either (1) H belongs wholly to M’, or (2) H contains a subcontinuum 
D which belongs wholly to M and which consists of more than a single point. 
In either case, H is a continuum of condensation of K, and either of the two 
cases can be shown to lead to a contradiction by the same method as was 
used in the proof of Theorem 1 to show that the set K contained no con- 
tinuum of condensation. It follows, then, that R is closed and totally 
disconnected ; consequently, there exists a simple continuous arc which 
contains R and which therefore contains at least one point of every maximal 
connected subset of M. 


THEOREM 5. In order that a closed point set M (which is not itself an open 
curve) should be a subset of an open curve, it is necessary and sufficient (1) that 
every subcontinuum of M should be either a single point or a set t such that t 
is either an arc or a ray of an open curve having the property that no point of t, 
with the exception of its end point (s), is a limit point of M —t, and (2) that if 
M contains two rays r; and ro, then M —(r,+12) is a bounded point set. 

The conditions are evidently necessary. I shall show that they are suffi- 


cient. There exists a circle C with center O such that C plus its interior con- 
tains no point of M. By an inversion of the whole plane about the circle 


2 
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C, M is thrown into a bounded point set M* which is closed except possibly 
for the point O. It is easily shown that the image under this inversion of 
every arc ¢ of M is an arc ¢* of M*, and that the image of every ray r of M 
is an arc minus one end point in M*, that end point in every case being the 
point O itself. Since M contains not more than two mutually exclusive rays, 
then O is an end point of not more than two arcs of M*+0O which have in 
common only the point O; and if O is an end point of two such arcs, i.e., if 
O is an interior point of any arc of M*+O, then O is not a limit point of 
M*+0O minus that maximal connected subset of M*+0 to which O belongs. 
It readily follows, then, that M*+O is a closed and bounded point set which 
satisfies all the conditions of Moore and Kline’s theorem quoted above. 
Accordingly, there exists a simple continuous arc ¢ which contains M*+0. 
Let A and B denote the extremities of ¢. There exists an arc to from A to B 
having only the points A and B in common with ¢. Let /* denote the simple 
closed curve ¢+¢. It can easily be shown that the point set of which /*—O 
is the image is an open curve which contains M. 


THEOREM 6. If M is a closed point set (bounded or not), then in order that 
there should exist an open curve which contains at least one point of every maximal 
connected subset of M it is necessary and sufficient that M should satisfy 
Condition L. 


That the condition is necessary follows by an argument almost identical 
with part (II) of the proof of Theorem 1. I shall proceed to show that it is 
sufficient. 

Proof I (depending on Theorem 4). Let C denote a circle having 
center O and not enclosing or containing any point of M. By an inversion 
of the plane about the circle C, M is thrown into a bounded point set M* 
which is closed except possibly for the point O. I shall show that M* satisfies 
Condition L. Suppose the contrary is true; then there exists a continuum 
K consisting of more than one point and such that for every positive number 
¢, K is the limiting set of a set of maximal connected subsets of M* each of 
diameter less than ¢. Let P be a point of K which is different from the point 
O, and let J* be a circle having P as center and not containing or enclosing 
O. It is a consequence of Janiszewski’s theoremf that J* plus its interior 
contains a subcontinuum H* of K which consists of more than one point; 
H* does not contain O. Hence H, the point set of which H* is the image under 
this inversion, is a bounded point set. Let 7* denote the interior of J*, 
and let J and J denote the point sets of which J* and J* respectively are 


¢ See Janiszewski, loc. cit. 
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the images. Let G* denote a set of maximal connected subsets of M* each 
of which has a point within J* and is of diameter less than 1 and such that 
H* isa part of the limiting set of G*; let G* denote a corresponding set having 
H* as a part of its limiting set and such that each element of G+ has a point 
in J* and is of diameter less than 3; let G#*, G#, - - - denote corresponding 
sets for the numbers 3, }, - - -. Let Gi, Gz, Gs, - - - denote the point sets of 
which G*, G*, G#, - - - are the images. Then Z is a part of the limiting set 
of each of the sets Gi, Gz, G3,---. But since M satisfies Condition L, 
there exists a positive number ey such that H is not the limiting set of any 
set of maximal connected subsets of M each of diameter less than ez. Then 
for every positive integer m, G, must contain at least one element g, which is 
of diameter =ey. From each set G;, select one such element g;, and let B 
denote the sequence of sets g1, £2, gs, : - - thus obtained. Since every element 
of B contains at least one point in the bounded point set J, it follows that the 
sequence B contains some subsequence A which has a sequential limiting 
set 2 which is of diameter 2ey. But A*, the image of A, has the property 
that for every positive number e¢, there are not more than a finite number of 
elements of A* of diameter greater than e. Hence, the limiting set 2* of A* 
must consist of only a single point; but 2* is the image of 2, a point set of 
diameter >ez. Thus the supposition that M* does not satisfy Condition L 
leads to a contradiction. Then since M* satisfies Condition L and lacks only 
the point O of being closed, it follows by Theorem 4 that there exists a 
simple continuous arc ¢ which contains at least one point of every maximal 
connected subset of M*. Let X and Y denote the extremities of ¢. There 
exists an arc ¢) from X to Y which has only the points X and Y in common 
with ¢. Let /* denote the simple closed curve ¢+¢). Now if /* contains the 
point O, it can readily be shown that the point set of which /* —O is the image 
is an open curve which contains at least one point of every maximal connected 
subset of M. In case /* does not contain O, then M must satisfy all the con- 
ditions of Theorem 2, and with the aid of that theorem, Theorem 6 can easily 
be established in this case. 

Proof II (depending on Theorem 5). I will indicate how the condition 
may be proved sufficient using methods very similar to those used in the 
proof of Theorem 1. For any definite positive integer 7, let the whole plane 
be divided by a countable infinity of horizontal and vertical straight lines 
into a countable number of squares plus their interiors in such a way that 
the interiors of no two of these squares have a point in common and so that 
the diameter of each of them is less than 1/m. Let G denote this countable 
set of squares (not including their interiors) and let T denote the point set 
obtained by adding together all the point sets of the set G. Let K denote 
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the point set common to T and M. From each maximal connected subset 
Y of K, select exactly one point X. Let P denote the set of all such points 
(X) thus selected. It can readily be shown, then, that P is a closed and totally 
disconnected point set. Then from Theorem 5 it follows that there exists 
an open curve /, which contains P; /, contains at least one point of every 
maximal connected subset of M which is of diameter greater than 1/n. 
Hence, there exists a countable number of open curves /;, /2, Js, - - - , such 
that for every positive integer m, /, contains at least one point of every max- 
imal connected subset of M which is of diameter greater than 1/n. Then 
by an argument almost identical with that used in the proof of Theorem 1, 
using this countable set of open curves instead of a countable set of arcs 
as in that case, it follows that M contains a closed and totally disconnected 
point set R which contains at least one point of every maximal connected 
subset of M. Then, by Theorem 5, there exists an open curve/ which contains 
R; 1 satisfies all the conditions of the open curve required in the statement 
of Theorem 6. 


THEOREM 7. If M is any continuum whatever, and K is a closed and totally 
disconnected subset of M, then the point set M—K satisfies Condition L. 


Suppose M—K does not satisfy Condition L. Then there exists a con- 
tinuum H consisting of more than one point such that for every positive 
number e¢, H is a part of the limiting set of a set of maximal connected subsets 
of M —K each of diameter less than e. Since K is totally disconnected, there 
exists a point P of H which does not belong to K. Let C be a circle having P 
as center and not enclosing or containing any point of K. Let r denote the 
radius of C. Let N denote a set of maximal connected subsets of M—K 
each of diameter less than jv, which has H as a part of its limiting set. Then 
some element g of NV contains a point Q whose distance from P is less than 
47; and since g is of diameter less than jv, Z must lie wholly within C. But 
z has a point in K,* and C encloses no point of K. Thus the supposition that 
M-—K does not satisfy Condition L leads to a contradiction. 


THeorEeM 8. If M is any continuum whatever, and K is a bounded 
[unbounded], closed, and totally disconnected subset of M, then there exists an 
arc [open curve] which contains at least one point of every maximal connected 
subset of the point set M—K. 


* By virtue of the following theorem: If K is any closed subset of a continuum M and g is any 
bounded maximal connected subset of M—K, then K contains at least one point of g. 
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THE NOTION OF THE GREEN’S FUNCTION IN THE 
THEORY OF INTEGRO-DIFFERENTIAL EQUATIONS* 


BY 
J. D. TAMARKIN 


INTRODUCTION 


In 1835 Duhamel in his thermo-mechanical studies discussed the integro- 
differential systemt 


— + p% = cote f u(x)x dx, 
dx? a 


u(a)=0, u(b) =0, 


where p denotes a parameter and ¢ a given constant. Since then the problems 
of this kind do not seem to have attracted much attention, in spite of, or 
perhaps because of, the great development of the general theory of integral 
and integro-differential equations by Volterra, Fredholm, Hilbert and their 
followers. In 1914, however, there appeared an interesting paper by 
L. Lichtensteinf, which contains an independent treatment of the boundary 
problem 


dy(x) 


d 


y(0) =0, = 0, 


by means of the theory of quadratic forms in infinitely many variables. It 
was remarked by the author in 1917§ (without knowledge of Lichtenstein’s 


* Presented to the Society, January 1, 1926; received by the editors in October, 1926. Part 
IV added in May, 1927. 

t Sur les phénoménes thermo-mécaniques, Journal de l’Ecole Polytechnique, vol. 15 (1835), 
cahier 25, pp. 1-57; pp. 44-48. 

t Ueber eine Integro-Differential Gleichung und die Entwickelung willkiirlicher Funktionen nach 
deren Eigenfunktionen, Schwarz’s Festschrift, Berlin, 1914, pp. 274-285. Cf. also L. Koschmieder, 
Anwendung der Integralgleichungen auf eine thermo-elastische Aufgabe, Crelle’s Journal, vol. 143 
(1913), pp. 285-23. 

§ On some general problems of the theory of ordinary linear differential equations and expansion of 
an arbitrary function, Petrograd, 1917 (in Russian). This paper contains as special cases most of the 
results of M. Stone’s important paper A comparison of the series of Fourier and Birkhoff, these Trans- 
actions, vol. 28 (1926), pp. 695-761, concerning the theory of equiconvergence and convergence of 
Birkhoff series and obtained by Stone without knowledge of author’s paper. The theory of the 
derived Birkhoff series successfully treated by Stone was not touched in our paper in question. 
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paper) that Duhamel’s problem may yield to treatment by the method 
used by G. D. Birkhoff* and by the author (loc. cit.) in the theory of ordinary 
differential boundary problems. Some special cases of integro-differential 
boundary problems (mostly with constant coefficients) have been recently 
treated. 

The present paper sketches a more or less general theory of the integro- 
differential boundary problem originated by Duhamel. The characteristic 
feature of the paper lies in the constant use of the notion (which appears to 
be new) of the Green’s function of the integro-differential problem. This 
function is closely related to the Green’s function of a certain corresponding 
differential problem. It is found that the treatment of the integro-differential 
problem requires no methods other than those which have been used in the 
treatment of the differential boundary problem; from certain points of view 
the two problems are equivalent. The general theory as developed in Parts 
I-III admits of an interesting application to Fredholm integral equations 
with discontinuous kernels (Part IV). 

A detailed discussion of the differential boundary problem and of the 
properties of the corresponding Green’s function is embodied in the previous 
papers by the author.{ The second of these (reference to which will be 
indicated merely by the symbol “D”) contains the proofs of some proposi- 
tions which are merely stated in the present paper. 


I. DEFINITION OF THE GREEN’S FUNCTION 


1. We consider the integro-differential equation ‘ 
Ya 


in which the integrals are of the Stieltjes type, and in which the functions 
R.(x, £), together with their partial derivatives (to a certain order) with 
respect to é are continuous in &, except along a finite number of lines 


= constant = 


* Boundary value and expansion problems of ordinary linear differential equations, these Trans- 
actions, vol. 9 (1908), pp. 373-395. 

7 W. Jaroshek, Entwickelung willkiirlicher Funktionen (Diss.), Breslau, 1918; H. Laudien, 
Entwickelung willkiirlicher Funktionen bei einem thermo-elastischen Problem, Crelle’s Journal, vol. 148 
(1918), pp. 79-87; A. Kneser, Die Integralgleichungen, 2d edition, Braunschweig, 1922, pp. 199-214; 
R. Krzenziessa, Thermo-elastischen Randwertaufgaben, Mathematische Zeitschrift, vol. 25 (1926), 
pp. 209-260; the last paper discusses some cases of variable coefficients, which are reducible to Bes- 
sel functions. 

t Loc. cit. and Some general problems of the theory of ordinary linear differential equations and 
expansion of an arbitrary function in series of fundamental functions, Mathematische Zeitschrift. 
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and possibly, along the line 
&= 2. 
The discontinuities are all to be of the first kind. Under these hypotheses the 


equation (%) may be reduced by a suitable number of integrations by parts 
to the form 


Liu) = f(a) + + f h(x,8)u( 


where L(x) is a linear differential operator 
(1) L(u) = u™ + +--+ + 


the /,(u) are linear forms in u and its derivatives taken at the points a, b, a, 
and ¢;,(x), h(x, £) are known functions. 

In the following we confine the discussion to the equation (I) either in 
the form above or in the form 


b 
(I) LO(u) = f(x) + + | h(x, + L(u), 


where L“ (x) is any linear differential operator of order (n—1), 
(2) LO (14) = (x)u, 
and 
L©(u) = L(u) — L™(u). 
The boundary conditions to be imposed on the unknown function u(x) are 
(II) = 0 (4 =1,2,--- ,n) 


where 


b 
Li(u) = Au) + + f 
(3) 
Au) = ; Bu) = 
kel k=l 


The integro-differential problem consisting of (I) and (II) we shall designate 
as “problem (%)”. The problem obtained by setting in (I’) 
oi(x) = = L(u) =0 
we shall designate as the “differential problem (*).” 
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The hypotheses on the functions involved in (I’) and (II) are as follows: 
i. The functions 


pi(x) (x) 


possess continuous derivatives to order (m—i) on (a, 6). 
ii. The functions 


$;(x) (j = 1,2,--+ 


f(x), 


are integrable (in the sense of Lebesgue) on (a, db). 

iii. The function h(x, ¢) is bounded and is integrable as a function of 
both variables as well as in x, for every value of £, and in &, for every value of 


iv. The functions 


are integrable on (a, b). 
v. The operators 


Ai(u) + 


are linearly independent, and the operators /;(u) contain no derivatives of 
order higher than (m—1).* 


2. THEoREM 1. Under ihe hypotheses (i-v), two alternative cases are possible 
as follows: 

(1) The non-homogeneous problem (*%*) admits of a uniquely determined 
solution} for an arbitrary f(x), and this solution can be represented in form of a 
definite integral 


b 
(IID) = f 


The function T(x, t) is called the Green’s function of the problem (%). It is 
uniquely determined at its points of continuity. 

(2) The non-homogeneous problem (*) is not possible for an arbitrary f(x). 
In this case the Green’s function T(x, t) does not exist, but the homogeneous 
problem (+) admits of at least one solution not identically zero on (a, b).t 


* This excludes the cases in which some of the operators L;(u) reduce to the integral terms only. 
It is obvious also that condition (v) implies the linear independence of the operators L;(u) and 1;(u). 
t The term “solution” is to designate a function u(x) which possesses an absolutely continuous 
derivative of order (n—1) and which satisfies (I’) (almost everywhere) and (II). 
} In this case we shall say simply that the homogeneous problem (x) is possible. If the homo- 
geneous problem (¥) admits of no solution other than u(x) =0, we shall say the problem is impossible. 
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3. We may assume without loss of generality that the Green’s function 
G(x, #) of the differential problem (%) exists, namely that 
Ln(y1) + Ln(¥n) 
where ¥;(x), - - - , Ya(x) is a fundamental system of solutions of the equation 
L(y) = 0. 


A(y) = 


This assumption is permissible since we may alter L‘(y), if necessary, by 
drawing into it any portion of the operator L(y) without thereby changing 
the content of equation (I’). 

4. It is well known (D, 5-8) that the solution of the non-homogeneous 
differential problem 


(4) L(u) = o(x), Liu) = 0 (¢ = 1,2, ,m) 
is given by 


b 
(5) u(z) = f 


Replacing ¢(x) in this by the right-hand member of (I’) we obtain for that 
equation the form 


b b 
(6) u(x) =F(2) + + f + f G(a,t)L(u) 


j=1 


where 
b 
(7) F(x) = f G(x,t)f(dt ; = f 


and 


(8) H(x,t) = f 


Under the hypotheses concerning the functions ,(x), the Green’s function 
G(x, 4), as function of ¢ possesses a continuous derivative of order (n—2) 
and a derivative of order (n—1) which is continuous except along the line 
x=t, where it has a discontinuity of the first kind (D, 11). By a suitable 
number of integrations by parts the final integral in (6) may be thrown into 
the form 


f (x,t)u(t)dt + x) 


* The subscript ¢ on L™ is used here to indicate the variable in which the operator is written. 
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where J(u, x) is a linear form in u(x) and its derivatives to order (n—2) 
taken at the points x =a and x=5, the coefficients of the form being functions 
of x. Portions of this form may possibly be eliminated by the use of relations 
(II), and others may be expressible in terms of the quantities 


1,(u) (j =1,2,--+ 
Thus we obtain finally 


b 
(9) u(s) = + (2) + f (Bw), 


where the operators 

1;(u) G=ut+1,---,v) 
are of the same type as those in (I’) and the set 
(10) --+ , 


may be considered as linearly independent and independent of L,(u). In 
other words, if u(x) is considered arbitrary subject to (II), the quantities 
(10) may assume any prescribed set of values. 

The functions ©’;(x), K’(x, £) obviously possess the same properties of 
integrability as the functions ®;(x), H(x, &) respectively. 

On setting 


(11) = c; (j =1,2,---,»), 
(12) F(x) + = (2), 

we reduce our problem to the Fredholm integral equation 

(13) ua) = + f 


5. We suppose, in order to include the general case, that the corresponding 
homogeneous integral equation 


u(2) = f 


admits of ¢ linearly independent solutions 
(14) wi(x), we(x), , 
In this case the associated integral equation 
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b 
o(2) = f K'(E, 


has the same number of linearly independent solutions:* 
(15) (x), w? (x), we (x). 
Either of the sets (14), (15) may be supposed to be orthogonal and normal- 


ized. The necessary and sufficient condition that (13) have a solution is given 
by the system of equations 


(16) ff = 0 (k = 1,2, 
and if these conditions are satisfied, the most general solution of (13) is 
b 
(17) = — f Od +D 
a k=l 


where the c? are arbitrary constants, and &’(x, £) is a so called “pseudo- 
resolvent kernel” of the kernel K’(x, £). 

The case where the kernel K’(x, £) possesses a reciprocal, may be con- 
sidered as the special case in which 


w(x) = we (x) = cx = 0 (k =1,2,--- 


and &’(x, £) coincides with this reciprocal. 

6. The constants c;, c’ remain to be determined. This can be done by 
substituting (17) into (11) and eliminating (x) from the resulting equations 
and the relations (12) and (16). Thus we obtain a system of (v+¢) linear 
equations for the (v-+c) unknowns c;, as follows: 


Ai(c) = F(x) — G=1,2,---,»), 


(18) 


The d,(c) and d¥ (c) are linear forms in c’s and c”’s whose coefficients are con- 
stants which do not depend upon the function f(x). Denoting by Dy the 
determinant of this system, we must consider the two cases 


Do #0; Do = 0. 


* E. W. Hobson, On the linear integral equation, Proceedings of the London Mathematical 
Society, (2), vol. 13 (1914), pp. 307-340. The classical results of the Fredholm theory are extended 
in this paper to more general kernels, of which ours is a particular case. Cf. also our paper On 
Fredholm’s integral equations whose kernels are analytic in a parameter, Annals of Mathematics, 
(2), vol. 28 (1927), pp. 127-152. 
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(a) Suppose that D, +0. In this case system (18) determines uniquely 
the constants c;, c/, and each of these constants is a linear combination of 
integrals of the form 


L} 
f dt. 


Substituting these values into (17), we obtain the required expression for 
u(x): 


(111) u(2) = f T(x, 


Conversely, the preceding operations being reversible, it is readily shown that 
(17) represents a solution of the problem (*%). This solution is uniquely 
determined and by familiar reasoning it is proved that the function I(x, ¢) 
is uniquely determined at all its points of continuity. 

Under the following supplementary restrictions: 

iii’. The discontinuities of the function h(x, £) are regularly distributed, 
ie., h(x, £) is continuous with respect to & for almost all values of x, and 
continuous in x for almost all values of £,* 

v’. The operators /;(u) involve the values of u(x) and its derivatives only 
at the end points x=a, x=), 
it can be shown by means of some results of Hobson that I(x, #) is 
continuous everywhere on (a, b), except, possibly, along the line x=t, 
where it may have a discontinuity of the first kind. 

7. (b) Suppose now that D)=0. We shall prove first that the homogene- 
ous problem (%) has at least one solution which is not identically zero on 
(a, b). The homogeneous system 


(19) Ac) =O G=1,2,--- hé(c) = 0 (k =1,2,--- 


admits of at least one solution in which not all the constants c;,c¢ are 
zero. We substitute these values of c;, c¢ into (17) and set f(x)=0. The 
corresponding function (x) is certainly a solution of the homogeneous 
problem (%), and it only remains to prove that u(x) 40. 

Suppose that u(x) =0. Then from (11) it follows that 


cj = 1;(uo) = 0 G = 1,2, 
and, substituting in (12) 


c;=0, F(x) =0, 


* In this case the solution of the problem (%), with continuous f(x) and ¢;(x), possesses a con- 
tinuous derivative of order n and satisfies (I’) everywhere. 
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we have ¥(x)=0. Hence 
k=l 


contrary to our supposition. 

8. We shall prove now that the right-hand members of equations (18) 
may assume any given set of values if f(x) is suitably chosen. Since this linear 
system (18) will admit of a solution for the c’s only for special values of the 
right-hand members, it will follow that no solution for a general f(x) is possible 
and that in this case the Green’s function I'(x, #) does not exist. 

It follows from the classical theory of the Green’s function G(x, ¢) that, 
if F(x) is an arbitrary function which possesses a continuous derivative of 
order ” and satisfies the boundary conditions 


(20) =0 (i 1,2, »%), 
then the function 


f(x) = 
satisfies the relation 


F(x) = f 


The question is reduced, therefore, to the proof that there always exists a 
function F(x) which satisfies conditions (20) and for which the expressions 


F(a) - fe. G = 1,2,--- 


[Feet wa: | (k = 1,2,---+, 


take on arbitrary prescribed values. Let x(x) be a function subsequently to 
be determined and determine F(x) from the integral equation 


b 
x(2) = F(x) f 


This is always possible, if we use the special form of the pseudo-resolvent 
kernel &’(x, £) as given by W. A. Hurwitz.* This kernel &’(x, £) is defined as 
the reciprocal of the function 


* On the pseudo-resolvent to the kernel of an integral equation, these Transactions, vol. 13 (1912), 
pp. 405-418; pp. 405-409. 
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Hence this latter function is in turn the reciprocal of the kernel &’(«, &) and 
we have 


b o b 
F(x) = x(z) f + of (2) f 


On multiplying this by w/ (x) and integrating, we obtain in virtue of the rela- 
tion 


b 
= f K'(x, 8)! (x)dax 


the result 


b b 
f (a)dx = f 1,2, +++ 


Now, as functions of x, G(x, and therefore H(x, t), H’(x, t) and K’(x, 
satisfy conditions (II), so that 


o b 
LAF) = Lid) + f x 
kel a 


It is readily seen that, under the conditions (v), § 1, imposed upon the 
operators L,(u), /;(u), the function x(x) can always be chosen so that 


= 0 (i = 1,2,--- ,m) 


while the expressions 


b 
L(x) G = 1,2,--- ,»); f (k =1,2,--- 


assume the prescribed values. This completes the proof of Theorem 1. 


9. THEOREM 2. Suppose that, under the conditions of Theorem 1, the 
coefficients of the operators of the problem (%) depend on a parameter p and are 
analytic in an open region (D) of the p-plane. Suppose that the Green’s function 
T'(x, t, p) of the problem (*) exists for an infinite set of values of p, which possesses 
atleast one limiting point interior to (D). Then V(x, t, p) is a meromorphic func- 
tion in (D). The homogeneous problem (*) is possible when and only when p is 
equal to one of the poles of V(x, t, p) (characteristic values of the problem (*)). 
For such values of p the non-homogencous problem (4) is not possible with an 
arbitrary f(x), and the Green’s function does not exist. 
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To prove this theorem, we shall use another method for obtaining the 
Green’s function I(x, t, p).* We observe that a particular solution of the 
equation 


(21) L(u) = $(x) 
is given by 
V(x) = 
where 
1 +ifx>t, 
26(#) —ifz<t, 


(2) 


g(x,t) = + 


5(t) = 


and y,(x),-- +, ya()t denotes any fundamental system of solutions of the 
equation L(u) =0. 
The general solution of (21) is then 


+ 
t=] 


where ci’, --- , cn,’ are arbitrary constants. If we set 


= ¢; G = 1,2, 


n “ b b 
a a 


j=l 


b 
H"(x,8) = f 


we easily obtain from (I) the following integral equation for u(x): 


b 
u(x) = — f 


* For the sake of brevity the letter p sometimes will be omitted. 
{ The fundamental system 4; (x), - - - , yn (x) may always be chosen so that 5(¢), which depends 
on p, is £0 for all values of p. 
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The kernel H’’(x, &) is a function of p, which is analytic in (D), and by the 
classical Fredholm theory it possesses a reciprocal §’’(x, £) which is mero- 
morphic in (D). Suppose that p is not a pole of $’’(«, ). Then we have 


b 
u(x) = + f , 


and it only remains to determine the constants c;, c/’ from the equations 
Liu) = 0 (¢ = 1,2,--- yn) ; = ¢; (Gj = 1,2, 


The determinant D(p) of this system is a meromorphic function in (D), and 
if it is not identically zero the resulting expression for I'(x, ¢, p) shows that 
I'(x, t, p) is also a meromorphic function in (D). Thus we obtain the solu- 
tion of the non-homogeneous problem (%*) for all values of p which are dif- 
ferent from the poles of either of the functions ’’(x, 4), I(x, ¢, p) in the form 


(22) u(x) = f 

Expression (22) represents a solution of the problem (+): 

iw) = fa) + +f 

(IJ) Liu) =0 (i= 1,2,-<«- ,n), 


even if p is a pole of the function §’’(x, ) but not a pole of the function 
I(x, t, p), for if we exclude from (D) the immediate vicinities of the poles of 
I(x, t, p) the left and right-hand members of equations (I), (II) are analytic 
throughout the remaining region. Since they have been proved to be equal 
in a part of this region it follows that they must be equal throughout the 
whole of it. Now, under the conditions of Theorem 2, we can prove that the 
determinant D(p) cannot beidentically zero in (D), for if it were, the homogene- 
ous problem (%) would have a solution for all values of p which are not poles 
of (x, ). By virtue of Theorem 1, then the Green’s function of the 
' problem (%) would not exist, except possibly for p one of the excepted values. 
Since this set of values has nolimiting point in the interior of (D) theconditions 
of Theorem 2 would be contradicted. This completes the proof of Theorem 2* 


* There are examples where the Green’s function I(x, ¢, p) exists for no values of p, for instance 
the system u’+pu=f(x)+pf, udx; u(1)=u(0). In this connection it would be of interest to deter- 
mine whether the requirement of Theorem 2 concerning the set of points of existence of I(x, t, p) 
might be replaced by a less restrictive one, as for instance that the Green’s function I(x, ¢, p) exist 
at a finite number of points, or, even, at a single point of the region (D). This can be done in the case 
of a differential problem. 
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II. THE GREEN’S FUNCTION OF THE DIFFERENTIAL PROBLEM 


10. We shall specialize our problem (%) now by introducing certain re- 
strictions upon the coefficients of the operators involved. Under these 
restrictions, which will be enunciated as they become necessary, we have at 
hand established facts from the theory of differential equations. With the 
use of these we shall derive formulas which reveal the structural features of 
the Green’s function G(x, t, p). Thus we make the following assumptions: 

(A) i. The operators of the differential problem (%) are polynomials in p, 
i.e. our problem is of the form 


L(u) = u™ + Pilx,p)u-? +--+ + Pa(x,p)u, 


n b 
Liu) = = A(u,p) + Bu,p) + f ai(x,p)u(x)dx 


(i 1,2, ,n), 
where 


Pi(x,p) = > p*pis(x), 


j=0 


k=l kel 

Adu,e) = ; Buje) = 


edz,e) = pauls). 
e=0 


ii. The functions 
pii(x) (i = 1,2, =0,1,°-- ,i) 


are of bounded variation on (a, b) and possess continuous derivatives of 
order (n—i). The functions 


d? pio( x) dpia(x) 
dx? dx 


are of bounded variation on (a, b). 
iii. The “characteristic” equation 


= 0" + + pro(x) = 0 


1927 767 
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has simple roots for all values of x in (a, b). These roots 


6,(x), 
are of the form 


(1) 6(x) = (a; constant ; i = 1,2,--- ,m) 
where either 


= +o (mo real or complex and 0) and qi(x) = go > 0 on (a,6), 


or else 
Oand qi(x) = go(x) = = gn(x) = g(x) = Go > Oon (a,b). 
iv. The operators 
A,(u,p) + Bi(u,p) 
are linearly independent for all values of p. 
v. The functions 
possess continuous derivatives of the first order which are of bounded 
variation on (a, b).* 
11. It is well known under the conditions stated that the complex p-plane 


may be divided into a finite number of sectors (), such that, in each sec- 
tor the numbers 


may be ordered as follows: 
(3) Repw; S --- S Repw, 0 S Repw,41 S Repw, ink, 


and further that there exists a fundamental system of solutions of the equa- 
tion L(y) =0, which, in any 9, is of the formt 


* The integral terms of the boundary operators used in D(17-19, 26) are p ag (x, p)ue (x)dx 
while those here are y a; (x, p) u(x) dx. This explains a slight difference between the following re- 
sults and those of D. 

+ These sectors may always be so constructed that none of them contain more than one of the 
trays Re pw;=Re pw,, and none of these rays serve as a boundary. 

t The symbol E, E(p), E(p,- ~~) is used as a generic notation to designate functions of p 
(and other variables), which remain bounded for large lol. The symbol ¢, e(p), ¢(p, - - « ) will be used 
to designate functions of p (and other variables) which tend uniformly to zero as p becomes infinite. 
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_ 
dx* 


(4) 


1 E 
ot { (2) +— nals) + =\ 


,2#—1). 
The functions* 

ni(x) 
possess derivatives of the second order, and the functions 

nia(X) 


possess derivatives of the first order which are continuous and of bounded 
variation on (a, 
Lastly it is known that if Y(t, p) denotes the cofactor of y,*~"(t, p) 

in the determinant 

i(t,p) = 

yilt,p) yn(t,p) 
then the adjoint equation L’(y)=0 admits of a fundamental system of 
solutions 

»p) 


p) 5(t,p) (k = 1,2,--- 


and in any ® 


(2)d2 


P 


(k =1,2,---,2;s=0,1,--- ,#—1), 


where 


* It can be proved (D, 2) that 
1 
n(x) = Wea? {- f (6s) dx 


50) = = + Panay + ple). 
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and where £;(¢), {x(¢) possess the same properties of continuity as 7,(z), 
Nie(x) respectively. 
12. The Green’s function of the differential problem (%*) is given by 
(—1)*A(x,¢,p) 


(6) G(x,t,p) = A(p) 


where 

tin(p) 

(8) = Lilyn), 

yi(x,p) yn(x,p) go(x,t,p) 
Uni(p) tnn(p)  gnlt,p) 


(7) A(p) = 


ye(x,p)ze(t,p) if x > t, 
g0(x,t,p) 


if x < t, 
k=r+1 


ker+1 k=l 


k=r+1 a 


b 
+ D ff 
k=1 t 


Let /;, denote the greatest value of the index / for which, with i and s fixed, 
at least one of the coefficients a;:,, bj, is different from zero, so that 
ile = 0, bits = 0 if l > lie, 


laite| + |bire| > if = 
If 


Gite = bing = O for 1 = 1,2,--- ,m, 


we set /;,=0. 
Also let J; be the greatest number of the set 


lats—1 (s = 0,1, ,m) 
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with /;,>0. Then obviously 
(12) = [Au]; = 
where 
Aix = na) > Gite { Ox(a) } 
(13) 


Bu = nx(b) > bite } 
(s) 


and the summation is taken over all values of s for which /;,,+s—1=1;. We 
have further 


1 
(14) f x) n(x, p)dx = [ — + 
which may be easily proved by integration by parts, if we take into account 


condition (A, v) and the fact that if ¢c is any constant different from zero, 
and y(z) is any function of bounded variation on (0, Z), then 


(15) f err) (z)dz = + 


In the same way we obtain 
(16) 
f ain(x) p)dx = [— + }, 


1 
f x) yx(x,p)dx = (5)0x(b)-] — e } 


13. We shall now make the following assumptions: 
(B) i. If s; denotes the greatest value of the index s for which a;,(x) 40, 
so that 


= O0if s > ae(x) = a(x) 40 on (a,b) ifs =5;, 
then 
(¢ = 1,2,--- ,#). 
Under this condition we find immediately that 
(17) uix(p) = p*{ [Aux] + e*[Bi]}. 


* The notation [¢] is due to G. D. Birkhoff and designates the expression of the form $+E/p. 
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Hence from (7) 
[Au] + [Ain] + Bin] 
(18) A(p) = p! 


[Ant] + [Bui]... [Ann] [Ban] 


where 


and, if we denote by A,;(p) the cofactor of u;x(p) in the determinant A(p) we 
have 


(19) = { 


where 


if i= 1,2,--+,7, 


W = Writ + 


For the sake of brevity we set 


z t b 
(20) = f qi(xjdx; & = f qi(x)dx; Xi = f qi(x)dx ; wi = 


A simple computation gives then 


(21) 
g0(x,t,p) 


H,(x, E 
{ + 
p p 


2 H,(x,?) E 
p 


k=t+1 


ite<s, 


where the functions H,(x, ¢) are polynomials in 


and, a fortiori, possess derivatives of the first order which are continuous 
and of bounded variation in each of the variables x and ¢, the total variation 
being uniformly bounded on (a, 5). 
Also 
gi(t,p) = — [A 


(22) 


1 i(t 

+ [Bigx(t)] + all) |} 

kel Pp Pno(t) 

* In deducing (22) from (11), (12), (16) we use the relations which are satisfied by the roots 
21, 22, ° * * Zn Of any algebraic equation 

P(z) Apert =0, 

namely 
DX /(P’Gi)) = 


lifs=n—1, 


-—1/A,ifs 
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where 
a“(2) if s; = 1; 
i(t) = 
all) if s; < 


A further restriction now is the following: _ 
(B) ii. Ifo is the largest integer for which Re pw, <0 throughout () 
then all the constants 


Ay Ay Aw 
Ag Ag Ax eee 
Ay Ax eee Ay Bir4i 

Ag Ag eee Ao, Bor41 eee 


Aas Ace ..- Ane 


are to be different from zero.* 

Under the conditions (A), (B) there exist infinitely many poles of the 
Green’s function G(x, ¢, p) which are the characteristic values of the dif- 
ferential problem (*%) (D, 20-26). Moreover, if the interiors of small circles 
with a common radius 6 around these roots are all excluded from the 
p-plane, then in the remaining part (95) of the sector (%) 


(24) |A(p)e~"p"| = Na> 0 


where JN; is a positive constant which does not depend on p, and may be 
taken the same for all the sectors (®). 

14. These results we shall apply now to the discussion of the behavior of 
the Green’s function G(x, ¢, p) for large values of p in (3s). We have from 


(6), (7), and (9) 
(25) 
i, jel A(p) 


Hence if we set 


i(Xi- Es) ai’ (i 1,2, 3 (i = + 1, ,n), 


* It should be noted that the constants 7, ¢, Aix, By, and hence 4; and M; depend on the sector 
(®). 


Bin 
M, = Bon 
Ban 
Bin 
M2 = Bon 


774 J. D. TAMARKIN [October 
we obtain 
(27) G(x,t,p) = go(x,t,p) + p~"*10o(x,t,p) + p-"Ro(x,t,p) 


Here Q(x, t, p) is a bilinear form in two sets of quantities o/ and o{’; i.e., 


(28) Qo(x,t,0) = ax’ , 


the coefficients Q;x0 being of the form 
(29) Qixo(x,t,0) = [wixo(x,t) 


The quantities E;,(p) depend only on p and remain bounded in (%s), while 
the functions w;io(x, ?) depend only on x and #, each being a sum of products 
of a function of x by a function of ¢ whose second derivatives are continuous 
on (a, 6). 

R,(x, t, p) is a bilinear form in w/ and a,(t): 


(31) Rixo(x,t,p) = [rio(x)/Pno(t) ]Eix(p) ,* 


where the functions r(x) depend only on x and possess second derivatives 
which are continuous on (a, b). 

If s;<1,(i=1, 2,---,m), all the functions a,(¢) vanish and the form 
R,(x, t, p) reduces to zero. 

In exactly the same fashion it can be proved that 


d°G(x,t,p) 


where 
= 


n Ax, E 


k=r+1 


according as x >t or x<t; 


* The coefficients Ey.(p) are of course not the same as in (29). 
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(34) Q.(x,t,p) = > ax’ ; Qins(x,t,p) [wine( x,t) ]Eix(e), 


(35) Ra(x,t,p) = ; Rise(x,t,0) = [rie(x)/Pno(t) 
i,kel 
and w;x.(x, ¢), ri.(x) are functions analogous to w;x0(x, rio(x). 
15. Let us suppose now that conditions (A), (B) are satisfied and set 


b 
(36) Ti(f,x) f 


b 
(37) f G(x,t,p) 


Further let us denote by (D;) that part of the p-plane which is outside (or 
on the boundaries) of the circles with a common small radius 6 around the 
poles of the Green’s function G(x, i, p). Then the representation (27) of the 
Green’s function G(x, t, p) enables us to prove the following 


Lemna 1. (1) If f(x) is any function integrable on (a, b), then the integrals 
(36) and (37) tend to zero uniformly on (a, b), as p becomes infinite, remain- 
ing in (Ds). The same is true of the product 


dx* 
(2) If f(x) is any function of bounded variation on (a, b) we have in (Ds) 
NV NV. 
(38) ITi(f, x) | | 


where N denotes a positive constant which depends only on 6 (and on the coef- 
ficients of the problem (%)) and V,; is the greater of the two numbers, namely the 
upper limit of f(x) and the total variation of f(x) on (a, b). The same is true of the 
product 
x) 
dx* 


(3) If f(x) is any function which possesses a first derivative of bounded varia- 
tion on (a, b), we have in (D5) 


(s =1,2,---,#—1). 


(39) = + alot) + 
p p p 


(40) T2(f,t) = + 


p? 
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where A;(@{), Ac(@{’) are linear forms in , respectively:* 


Ai(o/) = [win(x) Ei(p), 


= > [wio(x) Jos’ Ei(p), 


the coefficients w(x), wie(x) being continuous and of bounded variation on (a, b). 
16. The proof is based upon the following two simple lemmas: 
Lemma 2. If ¥(t) is any function integrable on (do, bo), and c is any con- 
stant #0, then the integral 


8 
f (0S aSaSBSb) 


tends uniformly to zero, as p>” remaining in the half-plane Re cp $0 (D, 38). 
Lemma 3. If Y(t) is any function of bounded variation on (do, bo) and c is 
any constant +0, then in the half-plane Re cp <0, 
Vy 
e p 


where Eis a bounded function whose upper bound does not depend on p,a or B. 


The proof of Lemma 3 follows immediately from the second Law of 
the Mean, if we represent the function y/(¢) (or its real and imaginary parts 
in case it is complex) as a difference of two monotonic functions. 

17. To prove Lemma 1, we use (27) and (32). These give 


6 
(41) Ti(f,x) = f + f Qo(x,t,) 


1 b 
f 
P va 


dx* 


b 
f t,p) Pno(t)f(t)dt + f Qu( 
1 b 
as f R,(x,t,p) 
p a 


* In the following, the symbol A will be used to designate any linear form in &,0re,, of the type 
A; or Ag. 
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The statement (1) of Lemma 1 follows immediately from Lemma 2 and the 
statement (2) follows from Lemma 3. In order to prove the statement (3), 
we observe first that, by virtue of Lemma 3, the sum of the second and the 
third terms in (41) is of the form 


1 E 
—A(oi)+—. 
p 
On substituting (21) into the first term of (41) we can rewrite it in the form 


k=l a 


n b 
— | tng (x) pnolt)f(at 


k=r+1 z 


P k=l a 


tz E 
= ( x,t) + — 


Pk=rt+ida 


The application of Lemma 3 shows that the coefficient of 1/p here is also 
E/p. 
An integration by parts in the two first terms yields 


LS me(x) pno(x) f(x) 4 
6 (x) p 


( x) dt 


x)— 
P J dt 6x(t) 


which by virtue of the footnote on page 772 and Lemma 3 is equal to 


1 1 E 
—f(2) + —A(@!) +=. 
p p p 


On collecting this material we have the complete proof of (36). An analo- 
gous proof may be carried through for (37). 


Lemna 4. If fi(x) and f(x) are any two functions whose first derivatives 
are of bounded variation on (a, b), then under the conditions of Lemma 1, 
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f f 2)dxdt = [ f 


The proof is given by (39) if we observe that, by virtue of Lemma 3, 
E 
f = on (D5). 


18. Remark 1. Lemmas 1 and 4 hold true if the functions f(x), fi(x), fo(x) 
depend on any number of other variables, provided that they are uniformly 
bounded or else that their total variation or that of their derivatives is 
uniformly bounded. 

Remark 2. It follows immediately from (27) and (32) that, in (Ds), 

|G(x,t,p) | < N|p|-"+" ; | < N |p|-*+1+« 


where N may be taken the same as in (38). 


III. THE EQUICONVERGENCE THEOREM 


19. We return now to the general problem 


b 
(1) L(u) = f(x) + + f h(x,£,p)u(e)dé, 


j=1 
(II) Li{u) =0 (i= 1,2, ,#). 
In addition to the conditions (A), (B) we assume also the following: 
(C) i. The functions 
h(x,€,p), $;(x,p) G= 1,2,--> 
are polynomials in p, of at most the degree (n—1). 
ii. The operators 
1;(u) G= 1,2, 
do not depend on p. 


iii. If m; denotes the degree of ¢;(x, p) and A; denotes the order of the 
highest derivative which occurs in the operator /;(u), then 


(1) mj Sn-1 (k,j = 


iv. If \,+m,;=n—1, then the coefficient of the highest power of p in 
¢;(x, p) is of bounded variation on (a, b). The coefficient of p*-' in h(x, £, p) 
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is of bounded variation in ~ for each value of x, the total variation being 
uniformly bounded on (a, 6). The remaining coefficients in A(x, p), 
¢;(x, p) are integrable on (a, b), with respect either to x, or to £, or with 
respect to x and &. 

v. The operators 


1j(u), + By(u) G =1,2,--- 1,2,--- 


are linearly independent for all values of p. 

20. We see at once that the conditions of Theorems 1 and 2 are fulfilled 
in this case, and now we proceed to the explicit expression of the Green’s 
function p) of the problem (*). 

Using the method indicated in §§4-6 we set 


b 
(2) F(x,p) = f 
b 
(3) &(x,p) = f 


(4) = f pdt, 

(5) = G = 1,2, ym), 
(6) W(x,p) = + F(x,0). 

Suppose for a moment that p is not a pole of G(x, t, p), nor of G(x, &, p), the 


reciprocal of the kernel H(x, ¢, p). The problem (%) is equivalent to the 
integral equation 


b 
(7) u(x,p) = Y(x,p) + f 


together with the conditions (5). Hence 

b 
(8) (2,0) = — = (2,0) + 
where 


b 
(9) 9(x,0) = F(x,p) — f 


b 
(10) 9,(x,p) = — f ©(x,£,0) 
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If we set 
1(Q,) if k i; 
1—/1,(Q) ifk =7; 


equations (5) can be written as follows: 


(11) xsa(o) = { xi(p) =1(2) (i,k =1,2,--- 


(12) cexik(p) = xilp) (i = 1,2,--- ,m). 


Denote by D(p) the determinant of the system (12) and by 
(13) Di;(p) 


the quotient of the cofactor of the element x;;(o) in D(p) by D(p) (supposing 
of course that D(p) #0). Then 


k=l 


and substitution in (8) gives 


u(x,p) = Q(x,p) + ¥ Dx xx(p)2 (x, p) 


ky j=l 


= f ao {a(x,t,0) 


* 


k,j=l 


Hence 


b 

(15) 

a z 

21. We shall justify these formal operations by proving that, for suf- 
ficiently large values of |p| in (Ds), the reciprocal (x, £, p) exists and the 
determinant D(p) 0. By virtue of Theorem 2, then, it will follow that the 
Green’s function I(x, t, p) is meromorphic in p, and that the poles of 
T'(x, t, p), for p sufficiently large, if there are such, must lie within a distance 
less than 6 from the corresponding poles of G(x, ¢, p). The justification in 
question is based on the fact that in (,) the function H(x, é, p) is of order 


* The subscript x indicates the independent variable of the operation /,. 
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O(1/p). This follows immediately from Lemma 1. Let R; be chosen so large 
that for p in (D,) and |p|2Rs 


|H(x,£,p) | ho <1. 


The Neumann series for the reciprocal of the kernel H(x, £, p), i.e. 


H(x,E,p) > H,(x,&,p) > 
(16) v=0 
= H(2,8,0) ; = f 


converges uniformly in x, £ on (a, 6) and pin (Ds) and |p|=Rs. In the follow- 
ing (D) will designate that part of (Ds) which is outside the circle |p |= Rs. 
Expression (16) shows that in (D) 


E 


Further we observe that @,(x, p) is a combination of integrals of the type Ti 
of Lemma 1, whence an easy application of this Lemma shows, by virtue of 
conditions (C, i—iv) and formula (17), 


= Ep-™*+™i ; 0,(x,p) = 
(18) 
) 
lifi = k, 94) 


E 
= — = [Bix] = { 
p 


Hence D(p) tends uniformly to 1, as p becomes infinite in (D). Taking R; 
sufficiently large we have then 


(19) |D(p)| = Ns > Oin(®). 
Lastly we see that all the D,,(p) are bounded in (D). Thus the following 
theorem is proved: 


THEOREM 3. Under the conditions (A), (B), (C), the Green’s function 
T(x, t, p) of the problem (%), which is given by (15), is meromorphic in p, and 
in (D) we have 


I'(x,t,p) G(x,t,p) O(1/p"). 


22. The preceding evaluations enable us to prove the following funda- 
mental proposition: 
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THEOREM 4. Under the conditions (A), (B), (C), if (Cr) denotes a circle 
|p| =R in (D), the difference of the two Birkhoff integrals 


1 b 
TL J (Cr) a 
(20) 
1 b 
n—1 
f G(x,t,p) paold)f(dt 


corresponding to the integro-differential and the differential problems (%) tends 
to zero as R-+~, for any integrable function f(x), and uniformly in x on (a, b). 


Using the notation of §15 we obviously have 


1 b 
Inf) = f dp f 


1 
so) (x Ti(f, x) 
jmt J (Cr) 


b 
ff - 
The application of Lemma 1 and the preceding inequalities show that each 
term under the sign of integral /, ic» is of the form* e(x,p)/p. Hence 


Tr(f) = J. 


R) Pp 


Thus, the “equiconvergence theorem” for the integro-differential and dif- 
ferential problems (%) is established; in other words it is proved that both 
problems are equivalent in so far as questions of the conditionsof convergence, 
uniform convergence, divergence, or summability by any regular method are 
concerned. 


23. TuHEorEM 5. Under the conditions (A), (B), (C) the problem (*) 
possesses infinitely many characteristic values and fundamental functions. If 
5 is any positive number, arbitrarily small, each characteristic value of the problem 
(*%), which is sufficiently large in absolute value, is distant by less than 6 from a 
characteristic value of the differential problem (*). 


* See third foot note, p. 768. 
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The second assertion of the theorem has already been proved. To prove 
the first, let us suppose that the function I'(x, ¢, p) has but a finite number of 


poles 
Let 


Pi,P2,°** Pm- 


be the corresponding residues of the function p*~'I'(x, t, p). The integral 


1 b 
= dof I'(x,t,p) pro(t)f(tdt 


has, then, the same value for all values of R sufficiently large. Hence, in 
virtue of Theorem 3, 


1 b 
p” ao f T'(x,t,p) pno(t)f(t)dt 


m b 
= > pno(t)f(t)dt 


vel a 


1 b 
f G(x,t,p) paolt)f(dt = f(x), 
(Cr) a 


211 


f(x) being an arbitrary function satisfying certain conditions of continuity. 
On setting 


= 


vel 


this relation takes the form of an integral equation 


f(x) = f k(x, 


whose kernel is bounded and integrable and which is possessed of infinitely 
many linearly independent solutions, which is in contradiction to the 
classical Fredholm theory. 


24. THEOREM 6. Assuming that the problem (*) satisfies the conditions 
(A), (B), (C), let (4%) be any differential problem of the type (%) which satisfies 
the conditions (A) and (B) and whose coefficients pio(x), pia(x), Aix, Bix and 
indices l;, are the same as those of the problem (*%). Denote by G'(x, t, p) the 
Green’s function of the problem (%%). Let f(x) be any function integrable on 
(a, b) and 
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1 b 
(22) f { — G'(x,t,0)} 


Then, as Ro, 
Oifa<x<b, 


(23) f {a(t) — af ()}O.()fOdt if x =a, 


n 
> f {ai(t) — af fat if x = 
i=l a 


where aj (x) are the coefficients of the problem (% x), which correspond to the 
coefficients a;(x) of the problem (*%) and © 4:, Ov; are known functions which de- 
pend merely on the coefficients of the problem (*%) and do not depend on f(x). 
The convergence of I (f) to zero is uniform on every interval interior to (a, b). 
If the functions a;(x), a{ (x) coincide, then 


Ik (f) ~0 as Roo, 
uniformly on (0, 1). 


It is readily proved that the characteristic values of the differential 
problem (%**) are asymptotic to those of the differential problem (%) in the 
sense that if 5 is any fixed positive number, arbitrarily small, an R; is available 
which is so large that outside of the circle |p | = R; all the characteristic values 
of (%x) lie in the interiors of the circles of radius 6 around the character- 
istic values of (%) and vice versa (D, 26). Hence the integral 


1 
f G'(x,t,p) Paolt)f(t)dt 


exists, and Theorem 6 is proved if the assertions of the theorem are proved for 
the integral 


1 b 
in = f {G(x,t,p) — G’(x,t,p)} 


Now, it is readily seen that in the expressions of the Green’s functions 
G(x, t, p) and G’(x, t, p), as given by Part II, (27), the exponential factors 
and the leading terms are the same, provided the conditions of Theorem 6 
are satisfied. Hence the integral jr(f) reduces to a sum of terms of the form 
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(k = 1,2,---,7), 
P va 


f [fi ]E(p)dt (R= +1,---,m); 


b 
(25) f f [fu(t) |E(p)at (i,k =1,2, 


(26) ap f [ax(t) — af (1) 
(i,k =1,2,---,m). 


The integration with respect to p is taken over those parts of (Ce) which are 
cut off by the various sectors (#) and f,(#) designates an integrable function. 
In virtue of Lemma 2, integrals (24) and (25) -0 as R->, uniformly on 
(a, b). Integrals (26) are absent if the last condition of Theorem 6 is satisfied. 
Otherwise integrals (26) © as R-©, uniformly on every interval interior 
to (a, b), as is shown by 

Lemna 5. Let (vy) be any part of the circle |p | =r which lies in the half-plane 
Re cp<0 (c is a constant ~0). If €(p, 2) tends uniformly to zero as r assumes 
a given set of values tending to ~, the integral 


f e(p, z)e*dp 


tends to zero uniformly on every interval 0<aZ2z<B.* 
Finally, if x=a or x=), integrals (26) obviously tend to limits of the 
type indicated in (23). 


25. Let 


be the set of the characteristic values of the problem (%*). Under the conditions 
(A), (B), (C) the series 
b 
(*) a 


converges, for any function f(x) of bounded variation on (a, b), to the values 
{f(x+0)+f(x-0)} if a<x<s, 


Age +0) + if 0, 


Asf(a + 0) + Baf(b — 0) + f if «=, 


* See D, 38. 
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where A, B,, Av, Bs are constants which depend merely on the coefficients of the 
problem (%) but not on f(x). The convergence is uniform on every interval of 
continuity of f(x), which is interior to (a, b). 


This follows immediately from Theorem 6 and from the known properties 
of the integral* 


1 b 
ie G (x,t,p) Pno(t)f()dt. 


Better results concerning the uniformity of convergence on the whole ot 
(a, b) and the values of the series at the end points a, b may be obtained by 
using another integral in place of the Birkhoff integral. We shall return to 
this question elsewhere. 


26. THEOREM 7. In addition to (A), (B), (C) let us assume that the operator 
L(u) is of the form 


and the operators A,(u)+B,(u) (¢=1, 2, - - - , m) are independent of p. Suppose 
furthermore that all the poles of the Green’s function G'(x, t, p) which are suf- 
ficiently large in absolute value are simple. 

Then the characteristic values of the integro-differential problem (*) are 
asymptotic to those of the differential problem (%) (and also to those of any of the 
problems (%*)) in the sense above. 


Let po be any one of the poles of the function G(x, ¢, p) (in the region 
|p |>Rs). Denote by (c) the circle of radius 6 around po. We suppose R; so 
large that all the poles (in the region |p|>R;) of either of the functions 
T(x, ¢, p), G’(x, t, p) are interior to the circles (c). To prove that I'(z, ¢, p) 
has at least one pole in each of the circles (c) it is sufficient to prove that the 
integral 


1 
(27) J AT) = dx fires — 0,p)dp 


) 


is always different from zero, for if I'(x, t, p) has no poles in any one of the 
circles (c), the integral (27) must vanish. Now, Theorem 3 shows, on the one 
hand, 


—G)| < Ar, 


* We may take as the problem (x4) the differential problem whose operators are L(u) and 
Aj(u)+B;(u). 
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where A is a positive constant which depends only on 6, and r denotes the 
shortest distance from the origin to the contour of (c). On the other hand, 
we see from Part II, (27), that 


G(x,t,p) — G'(x,t,p) = O(r-") on (c), 
—G’)| < Ar. 


Hence if we suppose that 
J(T) =0, 
then 
(28) \7.G’)| < = 
+ |J.(G —G’)| < 24r-*. 


Now, under the conditions of Theorem 7, it has been proved* that the residue 
of the function G’(x, t, p) corresponding to any simple pole p’ is 


1 
ux(x)ox(t) 
where the sets 


(29) u(x), ,Mo(x) and v(x),v(x), 


are composed respectively of the fundamental functions of the problem (* x) 
and of the adjoint problem (%%) and are biorthogonal and normalized. 
Supposing that the pole p’ is within the circle (c) we see that 


IG’) 
which is in contradiction to (28). We know, however, that no poles of 
T'(x, t, p) (greater than R; in absolute value) are outside the circles (c). 
Hence Theorem 7 is proved.f 

27. The method used above can be considerably generalized. It can be 
immediately applied to the case where the function h(x, é, p) is replaced by 


phy (x, + h(x,&,p) 


where h,(x, &) is the sum of a finite number of products of a function of x by 
a function of £. The method can be extended further to the general case where 
h,(x, £) is any function of the two variables x and &, which satisfies certain 


* Birkhoff, these Transactions, vol. 9 (1908), pp. 377-380; D, 15. 

¢ It is very probable that Theorem 7 holds true under the more general conditions of Theorem 4. 
This question, however, requires more detailed knowledge of the structure of the Green’s function 
G(x, t, p) in the vicinity of a pole, than that which is available in D. 
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conditions of continuity and possesses a reciprocal.* This extension (which 
includes L. Lichtenstein’s case) will be treated in another paper by the author. 
It is sufficient to remark here that Theorem 3 is true in this more general 
case, but that in Theorem 4, the Birkhoff integral must be replaced by the 


following one: 


IV. AN APPLICATION TO THE THEORY OF FREDHOLM’S INTEGRAL EQUATIONST 


28. The general theory as indicated above admits of an important ap- 
plication to the theory of Fredholm’s integral equations with discontinuous 


kernels.{ 
Let us first develop the formal side of the method; it will be then an easy 


matter to state all the conditions under which our formal operations are 


justified. 
Consider the integral equation 


8 
(1) y(t) = f k(t,1) 


whose kernel k(t, 7) has a finite jump along the line 7 =: 


k(t,t+) — k(t,0-) = = ¢(t) ¥ 0. 


* This condition is essential. For instance, in the example of the foot note on p. 766 all values of 

p are characteristic values of the integro-differential problem (4x) while the corresponding differential 

problem admits only p=2k. Another curious example is the following: u”+p2u=p? f1 tu(t)dé; 

u(0)=0, ft u(¢)dt=0. The characteristic values of the integro-differential problem are asymptotic 

to the roots of the equation cos p=1/3, while those of the differential problem are p=2kr(k= +1, 

+++). The characteristic values of the integro-differential problem u"+p*u=2p? tu(t)dt; 
u(0)=0, /3 u(é)dt=0, are, however, asymptotic to those of the problem 


1 
+ pu = 05 uO) =0, f = 0. 


¢ This chapter was added during the revision of the paper, in May 1927. 

t An independent treatment of this question has been recently given in the interesting paper 
by R. E. Langer, On the theory of integral equations with discontinuous kernels, these Transactions, vol, 
28 (1926), pp. 585-639; in the sequel this paper is denoted by “L.” The method which we propose 
here appears to present some advantage of greater simplicity and generality. We consider here 
the case only where the kernel itself is discontinuous. The general case of a kernel which is continu- 
ous but possesses discontinuous partial derivatives is discussed in a joint paper by Langer and the 
author. 
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We assume that, except on the line r =#, k(t, 7) is continuous on the square 
(So) astsB;as7rsB, 


together with its partial derivatives up to a certain order which will be speci- 
fied later on, and that all these functions tend to finite limiting values as the 
point (¢, 7) tends to any point on the line r=¢, without crossing this line. 
It is readily seen that equation (1) can be “normalized” by means of the 
substitutions (L, Chapter 2) 


lx = s = fond =o; 


(2,8) = 5 We) = 
K(x,8) = , 


This brings (1) to the form 
(2) u(x) = p f K(x,8)u(E)dk. 
0 


The function K(x, £) possesses the same properties of continuity on the 
square 


(S) 


as the function A(t, 7) on the square (Go). But, in addition we have now 
+ zt 


(3) K(x) | =15 =o. 


So far the function K,(x, &) is defined for x. On setting 
K.(x,) = = K(x, x*) 
we obtain a function which is defined and continuous on the whole of the 
square (S). 
_ From now on we shall deal exclusively with the normalized equation (2)*. 
29. If we differentiate (2) we get, on account of (3), 


1 
(4) u(x) = — w'(x)/p + f 
0 
* The normalization of (1) is not at all necessary for our purposes; we might discuss (1) without 


any transformation as well. It is only for the sake of simplicity of computations that we prefer to 
deal with the normalized equation (2). 
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Here we consider —u’(x)/p as a known function and assume that the kernel 
K.(x, £) possesses a reciprocal, (x, £), which is defined by 


1 1 
(5) + G(x,8) = f K.(x,s) €(s,8)ds = f 


The function G(x, £) has on (G) the same properties of continuity as the 
function K,(x, £); in particular, E(x, £) is continuous on (GS). We see at 
once that 


pu(x) = — + f (x, 


and an integration by parts gives the integro-differential equation which is 
satisfied by u(x): 


1 
(6) w(x) + pu(x) = u(1) (x,1) — u(0) (x,0) — f 
0 


It remains now to find the boundary condition which is satisfied by u(x). 
This can be done by substituting « =0 into (2): 


1 
u(0) = p f K(0,£)u(8)dk. 


The parameter p may be eliminated from here by means of (6). If we sub- 
stitute pu(x) from (6) and integrate by parts, we easily find 


1 
(7) au(0) + bu(1) = f 


where 


1 
0 


(8) b = K(0,1) — f K(0,8) GE, 


a(t) = K,(0,%) — f K(0,s) Gx(s,8)ds. 


Thus we have proved that every solution of (2) is a solution of the homogene- 
ous integro-difierential problem (%) consisting of (6) and (7). The complete 
equivalence of those two problems will be proved if we can show that, con- 
versely, every solution of (6), (7) is a solution of (2). 
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where 


(11) F(x) = f 


On setting f(x) =0, we obtain the desired proof of the equivalence of the 
integral equation (2) and of the homogeneous integro-differential problem 
(x). 

31. Using the results of §30 we can establish the important fact that the 
Green’s function I(x, ¢, p) of the integro-differential problem (%*) and the 
resolvent kernel &(x, ¢, p) of (2) are identical. The function pR(x, t, p) is 
defined as the reciprocal of the kernel pK (x, so that* 


1 1 
K(x, ) + R(x,£,p) of K(x,s)8(s,£,p)ds = of R(x, 5, )K(s, )ds. 


The homogeneous problems (2) and (*) being equivalent, they have the same 
set of characteristic values, say 


Let p be different from any p,. The solution of the non-homogeneous problem 
(%), then, is uniquely determined and given by 


u(x) = f 


On the other hand, from (10), (11) we have 


u(2) = F(x) — p f 


= f road +0 f 


f (x,t, 


which, in view of the arbitrariness of f(x), shows that 
I'(x,t,p) = R(x,t,p). 
This being stated, the integral 


1 1 


* Cf. Lalesco, Introduction é la Théorie des Equations Intégrales, Paris, 1912, pp. 23-24. It should 
be noted that our kernel K(x, £) corresponds to the kernel — N(x, ¢) of Lalesco. 
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30. It is desirable to answer a more general question, namely, what is 


the integral equation which is satisfied by a solution of the system consisting 
of the non-homogeneous integro-differential equation 


1 
(9) u’(x) + pu(x) = f(x) + u(1) E(x,1) — u(0) E(x, 0) — f 


and the boundary condition (7), f(x) being an arbitrary continuous function. 
First, we have from (9) 


1 
w(x) = f(a) + f E(x, Wak, 
whence, K,(x, £) being the reciprocal of E(x, é), 


1 
u'(x) = f(x) — pu(x) — K.(x,8){f(@) — pu(e)} dé, 


or else 


and finally 
1 1 
f + p f K(x,)u(é)dt + C, 
0 0 


where C is a constant. 
Now, to find C, we rewrite (7) as follows: 


1 1 1 
u(0) = — f — f u(t)dé f K(0,s) Ge(s,8)ds 


1 1 
+ u(1) K(0,8) — u(0) f K(0,£) 
0 0 
and, substituting —w’(é) from (9), 


1 1 
u(0) = p f K(0,£)u(@)d¢ — f 


Hence, C =0 and u(x) is a solution of the non-homogeneous integral equation 


1 
(10) u(2) = F(x) +p f 
0 
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used in Part III reduces in the present case to 
1 1 N 1 
J (Cr) 0 vel JO 
where 1, p2,- ~~ , pw are the characteristic values of (2) within (Cz). It is 


well known, however, that the principal part of &(x, t, p) corresponding to a 
pole po, of multiplicity m, is 


— po)™ P — Po 


oi(x,t) = 


where 


and 
$,(x), Vi(x), 


are respectively the fundamental functions of the equation (2) and of the 
associated equation 


(13) o(2) = p f 


corresponding to the pole p».* The functions ;(«), Vi(x), - - - constitute a 
biorthogonal system of function which reduces to that of the fundamental 
solutions of (2) and (13), when and only when the pole po is simple. Now, let 


be the complete set of fundamental functions of the equations (2) and (13) 
which, as we know, is biorthogonal. Let p, denote the pole of R(x, t, p) 
which corresponds to the pair of functions u,(x), v,(x), each pole being counted 
as many times as there are linearly independent fundamental functions cor- 
responding to this pole, and 


Lf = u,(x) { 
The integral 


becomes then 


(Cr) 0 (CR) 


* Lalesco, loc. cit., pp. 46-55. 
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